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ABSTRACT 
 

The probability of failure, Pf, for various square-arrayed thermoelectric device designs using 
bismuth telluride, lead telluride, or skutterudite thermoelectric materials were estimated.  Only 
volume- or bulk-based Pf analysis was considered in this study.  The effects of the choice of the 
thermoelectric material, the size of the leg array, the height of the thermoelectric legs, and the 
boundary conditions on the Pf of thermoelectric devices were investigated.  Yielding of the 
solder contacts and mounting layer was taken into account.  The modeling results showed that 
the use of longer legs, using skutterudites, allowing the thermoelectric device to freely deform 
while under a thermal gradient, and using smaller arrays promoted higher probabilities of 
survival. 
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1. INTRODUCTION 
 
The research of thermoelectric materials (TEMats) for power generation from waste heat and for 
solid state heating and cooling applications is very active.  The thermoelectric function and 
efficiency of these materials (and consequently, the thermoelectric devices, TEDs, that comprise 
them) are dependent on the Seebeck coefficient, the electrical resistivity, and the thermal 
conductivity.  For a maximum figure of merit, the Seebeck coefficient needs to be maximized 
and both the electrical resistivity and thermal conductivity need to be minimized. 
 
However, an efficient TEMat can only be exploited if it is able to withstand imposed thermal 
gradients and thermal transients of service.  A thermal gradient is what activates the 
thermoelectric effect, so the associated thermomechanical stresses (particulartly, the tensile 
stresses) must be managed to achieve reliability.  Therefore, the engineering to minimize the 
imposed thermomechanical stresses must be incorporated into a TED for a selected TEMat. 
 
Kingery's [1] thermal resistance parameter, RTherm, is useful to refer to in context with TEMats, 
 

 

€ 

RTherm =
STens(1−ν)κ

αE
   , (1) 

 
where STens is tensile stress or tensile strength, ν is Poisson's ratio, κ is thermal conductivity, α is 
the coefficient of thermal expansion or CTE, and E is elastic modulus.  For improved 
thermomechanical resistance against effects caused by thermal gradients or thermal transients, 
one desires RTherm to be as large as possible.  The parameters ν, κ, α, and E are materials 
properties and are essentially unchangeable for any given TEMat under consideration.  As 
mentioned above, the minimization of κ for a TEMat is purposely sought because that 
achievement improves thermoelectric efficiency.  Additionally, almost all TEMats [2-4] typically 
have a large CTE (> 10 ppm/°C).  Therefore, the intent to make the RTherm for TEMats as large as 
possible is primarily hindered by the inherently low κ and typically high CTE.  The ν for most 
TEMats is on the order of 0.20-0.25.  The E's for TEMats  (e.g., tellurides, skutterudites, TAGS, 
etc.) typically range between 50-125 GPa. 
 
The remaining parameter in Eq. 1 is therefore (tensile) strength.  The STens for brittle materials, 
including TEMats, is not a single value.  The STens for brittle materials is a function of many 
parameters (e.g., size) that are either intrinsic or extrinsic to the material. Because of TEMat 
brittleness (i.e., low fracture toughness), the STens is anticipated to be at least one order of 
magnitude lower than compressive strength in TEMats as is the case for polycrystalline 
ceramics; therefore, for conservative design, testing will and should focus on the measurement of 
a tensile strength in TEMats.  Of all the parameters used in the right-hand side of Eq. 1, the 
manufacturer of TEMats and TEDs can only tangibly increase RTherm by increasing STens.  But 
any increase in STens should be considered in context with brittle-material or Weibull strength-
size-scaling; that is where probabilistic analysis needs to be introduced, and what therefore 
becomes a primary motivation of the analysis that follows. 
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The probability of failure (Pf) for various square-arrayed TED designs using three different 
commercially available TEMats were computed to determine an optimum geometric-material 
system.  Only volume- or bulk-based Pf analysis was considered in this study for the sake of 
demonstrating the analysis method; the authors recognize though that surface- and edge-based 
analysis should also be considered for any thorough TED design endeavor.  The effects of the 
following parameters on the Pf of TEDs were investigated: 
 

1. choice of the TEMat, 
2. size of the TE-leg square array of a TED, 
3. height of TE legs, and 
4. boundary condition. 

 
Yielding of the solder contacts and mounting layer was taken into account.  
 
2. FINITE ELEMENT ANALYSIS MODELING 
 
Three different TEMats were considered in the finite element analysis (FEA): 
 

1. bismuth telluride (Bi2Te3), 
2. lead telluride (PbTe), and 
3. skutterudite. 

 
The mechanical, thermal, and Weibull parameters for these materials are listed in Table I.  Any 
variations of those properties between n- and p-type derivatives for any of those three materials 
were not considered.  Though some of these materials may have material anisotropy [2], the 
proceeding analysis assumed that they are isotropic and homogeneous. 
 
The geometry of the (base or reference) 8 x 8 leg array TED with colors corresponding to the 
material sequence is shown in Fig. 1.  In this schematic, purple corresponds to the alumina 
ceramic insulator plates, turquoise to the solder contacts and mounting plate, and red is the TE 
legs.  Various views of the TED are shown in Fig. 2 with the insulator plates removed here to 
clearly display the geometric arrangement of the solder contacts.  The 8 x 8 TED is shown in 
Fig. 3.  The general dimensions of the various components comprising the 8 x 8 TED are listed 
in Table II. 
 
Three different square TED leg array sizes were investigated.  They were: 
 

1. 6 x 6 array, 
2. 8 x 8 array (base- or reference-model), and 
3. 10 x 10 array. 

 
These three TE array designs are shown in Fig. 4 and were analyzed to study the size effect on 
the Pf.  A typical FEA mesh distribution is shown in Fig. 5.   
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Table I.  Thermomechanical and Weibull material properties.  Shown Weibull 
parameters pertain to volume-type-flaw strength-limiting. 

 

Property  
Bismuth 
Telluride 

Lead 
Telluride Skutterudite 

Alumina 
Substrate Solder 

E 
(GPa) 45 50 110 360 12.5 

Poisson's 
Ratio 0.22 0.22 0.21 0.24 0.36 

κ 
(W/m•K) 1.4 2.8 3 25 15 

CTE 
(ppm/°C) 18 20 10 8 26 

Weibull 
Modulus 5 5 5 15  

Weibull 
Characteristic 

Strength 
[2x2x15mm, 

3pt bend-
12.7mm 

span] 
(MPa) 

60 50 100   

Volume 
Scale 

Parameter 
(MPa•mm3/m) 

56.0 40.6 89.3 500  

Yield 
Strength 
(MPa) 

    22 

 
 
 

Table II.  Dimensions of TE device. 
 

Dimension Magnitude (mm) 
Alumina insulator plate width 50 

Top alumina insulator plate length 57 
Bottom alumina insulator plate length 50 

Alumina insulator plate thickness 2 
Mounting solder plate thickness 0.5 

TE leg width 4 
TE leg heights 3 and 6 

Contact thickness 1.5 
Spacing between contacts 2 
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Figure 1.  Various views of the base design for the 8 x 8 TED with:  purple being 
the alumina insulator plates, turquoise being the solder contacts and mounting 
layer, and red being the TEMat legs. 
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Figure 2.  Various views of the 8 x 8 TED with the insulator plates removed here 
to display the geometric arrangement of the TEMat legs and the solder contacts. 
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Figure 3.  Various views of the reference 8 x 8 TED square leg array. 
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Figure 4.  The three array configurations investigated in this work.  6 x 6 (top), 
8 x 8 (middle), and 10 x 10 (bottom).  All legs have the same dimensions though 
the above figures visually indicate otherwise. 
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Figure 5.  Various views of the typical mesh distribution. 
 
 
The temperature distribution throughout the Bi2Te3 8 x 8 TED is shown in Fig. 6.  Only steady-
state thermal analysis was considered in this study.  In the example shown in Fig. 6, the 
temperatures were set to 150°C at the top surface of the hot alumina plate and 50°C at the bottom 
surface of the mounting solder layer.  A strain-free temperature of 200°C was assumed. 
 
The temperature distributions throughout the PbTe and skutterudite TEDs are shown in Fig. 7.  
In these steady state thermal analyses, the temperatures were set to 450°C at the top surface of 
the hot mounting solder layer and 200°C at the bottom surface of the cold alumina plate.  A 
strain free temperature of 500°C was assumed.   
 
The temperature gradient distribution in a Bi2Te3 8 x 8 TE cooler is shown in Fig. 8.  Note with a 
TE leg height of 3 mm and ΔT=100°C, that the temperature gradient is approximately 33°C/mm 
in the TE leg (which has significantly lower thermal conductivity than that for the substrate and 
contact materials).  
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Figure 6.  Various views of the temperature distribution in the 8 x 8 Bi2Te3 TED 
cooler. 

 
 

 
 

Figure 7.  Various views of the temperature distribution in the 8 x 8 PbTe and 
skutterudite TED heaters. 

 



 11 

 
 

Figure 8.  Various views of the temperature gradient distribution in a Bi2Te3 8 x 8 
TED cooler. 

 
 
The effect of boundary condition (BC) on the stress state and Pf for the various TE device 
designs was also investigated.  The method of supporting a TE device, which depending on the 
BC, could restrict free displacement due to thermal loading resulting in high stresses and Pf.  To 
examine this, the following two structural boundary conditions (BC1 and BC2) were considered: 
 

1. BC1 (Fig. 9).  TED suspended at a single node at the top surface.  This represents a 
stress-relieving method of mounting a TED that would permit free displacement.  
This case represents a lower bound for stress and Pf. 

 
2. BC2 (Fig. 10).  TED mounted against a flat surface using rollers.  This method of 

structurally mounting the TED would sustain flatness and prevent curling caused by 
the applied thermal load and coefficient of thermal explansion.  However, this in turn 
would impose added stresses to those generated via the applied thermal gradient.  
This case represents an upper bound for stress and Pf. 
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Figure 9.  Deformed 8 x 8 TED supported using BC1 with deformations 
magnified 30x. 

 
 

 
 

Figure 10.  Deformed TED supported using BC2 with deformations magnified 
30x. 

 
 
In all FEA models, a solder plate was used to mount the TEDs to the boundary conditions.  
Namely, this solder mounting layer was placed against the cold-side for the Bi2Te3 TED 
(bottom surface in Fig. 11) and against the hot-side of the PbTe and skutterudite TEDs (top 
surface in Fig. 12). 
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Figure 11.  Bi2Te3 TED with solder mounting plate placed against the bottom or 
cold-side alumina plate. 

 
 
 

 
 

Figure 12.  PbTe and skutterudite TED with solder mounting plate placed against 
the top or hot-side alumina plate. 
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3. FINITE ELEMENT ANALYSIS RESULTS 
 
The stress and probability of failure results for all systems considered are summarized in 
Tables III-V.  In theses analyses, elastic-plastic behavior in the solder material was taken into 
account (yield strength = 22 MPa per Table I).  
 
The CARES software (Ceramics Analysis and Reliability Evaluation of Structures, Connecticut 
Reserve Technologies, Gates Mills, OH) code was used to compute the Pf for the brittle material 
constituents (i.e., thermoelectric legs and the alumina substrates) of the TEDs. 
 
The following is a summary of the results shown in Tables III-V.  As with any FEA, the 
following results and associated observations pertain to the combination of the employed FEA 
geometries, meshing, boundary conditions, and materials properties; if any of those are 
inaccurate or unrealistic, then the reader is cautioned that the following observations could or 
will be different.  Additionally, this study's analysis pertained only to volume-based probabilistic 
analysis; concurrent surface- and edge-based analysis should also be performed for any 
thorough and conclusive design efforts. 
 

• Longer TE legs are more reliable since they result in reduced stresses compared to shorter 
legs, especially for BC1.  For example, by doubling the height of the Bi2Te3 legs from 
3 to 6 mm in the 8 x 8 TED, and using BC1, the maximum first principal tensile stress 
(S1) decreased by about 20% from 48.7 MPa to 39.1 MPa. 

 
• The S1 is higher in the PbTe and shutterudite TED compared to that in the Bi2Te3 TED 

because their thermal loadings and material stiffnesses are higher. 
 

• The Pf is almost entirely due to fracture in the TE legs.  The Pf in the alumina substrate 
plates is essentially zero.  This is due to the low strength and the low Weibull moduli of 
the TEMats compared to those for alumina. 

 
• The PbTe TED will fail because the probability of failure reaches 100%.  This is due to 

the high thermal stress and low strength.  The temperature gradient in this module is 
250°C compared to 100°C for the Bi2Te3 device.  In addition, PbTe is weaker than 
Bi2Te3. 

 
• Even though the maximum S1 stress in the skutterudite TED is higher than that in the 

PbTe TED, they are still more reliable (even though both are subjected to the same 
temperature gradient).  This is simply because skutterudite is stronger than PbTe.  
However, the majority of the skutterudite TEDs would still fail under the considered 
thermal loading. 

 
• For the skutterudite TEDs, the S1 stress in the legs decreases as the height of the legs 

increases, as stated above.  However, the decrease in S1 stress is not significant enough to 
offset the increase in volume of material leading to slightly higher Pf for the skutterudite 
TEDs with longer legs.  The opposite behavior is predicted for the Bi2Te3 TEDs, since 
the drop in stress for taller legs is more significant. 
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• BC2 (with cold-side surface for the Bi2Te3 TEDs and hot-side surface for the PbTe and 

skutterudite TEDs restrained with rollers representing vertical bonding to a surface) is 
more detrimental than BC1.  This is because in BC2, the stress in the TE legs increases 
while the stress in the insulator plates does not change much, relative to BC1. With the 
TEMats being weaker than the alumina, BC2 superimposed more stresses into the TEDs. 

 
• For BC2, 100% of all TEDs are predicted to fail. 

 
• Using a smaller TED with a 6 x 6 array reduces the maximum S1 stress in the alumina 

plates but keeps the maximum stress essentially the same in the legs.  This will lead to 
improved reliability because of the smaller total volume for the TE legs.  For example, 
the Pf = 0.463 for the 8 x 8 Bi2Te3 TED with BC1, while Pf = 0.335 for the 6 x 6 TED. 
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Table III.  Bismuth telluride (Bi2Te3) with ΔT = 100°C, temperature at hot-side 
surface = 150°C, and temperature at cold-side surface = 50°C. 

 
Array 
size 

TE leg 
height 

Boundary 
conditions component 

Max S1 
(MPa) Probability of failure 

TE legs 49.7 
Insulator plates 54.9 

1 * 

Solder contacts 27.0 

Pfv,TE = 0.335 
Pfv,insulator = 0.33e-13 

Pfv,total= 0.335 
TE legs 60.3 

Insulator plates 59.0 

3 

2 # 

Solder contacts 29.7 

Pfv,TE = 0.879 
Pfv,insulator = 0.26e-13 

Pfv,total= 0.879 
TE legs 40.1 

Insulator plates 48.1 
1 

Solder contacts 26.1 

Pfv,TE = 0.204 
Pfv,insulator = 0.26e-14 

Pfv,total= 0.204 
TE legs 55.4 

Insulator plates 48.8 

6 x 6 

6 

2 

Solder contacts 26.6 

Pfv,TE = 0.740 
Pfv,insulator = 0.17e-14 

Pfv,total= 0.740 
TE legs 48.7 

Insulator plates 66.8 
1 

Solder contacts 27.0 

Pfv,TE = 0.463 
Pfv,insulator = 0.13e-12 

Pfv,total = 0.463 
TE legs 71.6 

Insulator plates 66.7 

3 

2 

Solder contacts 28.8 

Pfv,TE = 0.999 
Pfv,insulator = 0.19 e-12 

Pfv,total= 0.999 
TE legs 39.1 

Insulator plates 52.9 
1 

Solder contacts 26.3 

Pfv,TE = 0.298 
Pfv,insulator = 0.810e-14 

Pfv,total = 0.298 
TE legs 70.0 

Insulator plates 56.7 

8 x 8 

6 

2 

Solder contacts 28.4 

Pfv,TE = 0.998 
Pfv,insulator = 0.17e-13 

Pfv,total= 0.998 
TE legs 50.2 

Insulator plates 58.0 
1 

Solder contacts 27.2 

Pfv,TE = 0.591 
Pfv,insulator = 0.26e-12 

Pfv,total= 0.591 
TE legs 83.6 

Insulator plates 71.6 

3 

2 

Solder contacts 28.6 

Pfv,TE = 1.0 
Pfv,insulator = 0.70e-12 

Pfv,total= 1.0 
TE legs 41.0 

Insulator plates 49.9 
1 

Solder contacts 26.3 

Pfv,TE = 0.410 
Pfv,insulator = 0.17e-13 

Pfv,total= 0.410 
TE legs 82.9 

Insulator plates 63.4 

10 x 10 

6 

2 

Solder contacts 33.2 

Pfv,TE = 1.0 
Pfv,insulator = 0.1e-12 

Pfv,total= 1.0 
* Fixed center point of cold surface (bottom surface in model).  Rest of TE device is free to deform. 
# Cold surface is restrained with rollers (cold surface prevented from deforming in the direction 

perpendicular to the TE device).  
@ The listed stress in the solder contact material refers to the Von Mises stress. 
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Table IV.  Lead telluride (PbTe) with ΔT = 250°C, temperature at hot-side surface 
= 450°C , and temperature at cold-side surface = 200°C. 

 
Array 
size 

TE leg 
height 

Boundary 
conditions component Max S1 Probability of failure 

TE legs 100.4 
Insulator plates 107.1 

1 * 

Solder contacts 27.7 

Pfv,TE = 1.0 
Pfv,insulator =0.49e-10 

Pfv,total= 1.0 
TE legs 150.3 

Insulator plates 67.6 

3 

2 # 

Solder contacts 29.5 

Pfv,TE = 1.0 
Pfv,insulator = 0.19e-12 

Pfv,total= 1.0 
TE legs 92.7 

Insulator plates 82.2 
1 

Solder contacts 28.3 

Pfv,TE = 1.0 
Pfv,insulator = 0.14e-10 

Pfv,total= 1.0 
TE legs 150.5 

Insulator plates 62.6 

6 x 6 

6 

2 

Solder contacts 28.3 

Pfv,TE = 1.0 
Pfv,insulator = 0.67e-13 

Pfv,total= 1.0 
TE legs 97.1 

Insulator plates 111.5 
1 

Solder contacts 28.7 

Pfv,TE  = 1.0 
Pfv,insulator = 0.26e-8 

Pfv,total = 1.0 
TE legs 164.6 

Insulator plates 97.7 

3 

2 

Solder contacts 25.4 

Pfv,TE =  1.0 
Pfv,insulator = 0.11e-10 

Pfv,total=  1.0 
TE legs 86.0 

Insulator plates 91.7 
1 

Solder contacts 29.1 

Pfv,TE = 1.0 
Pfv,insulator = 0.79e-10 

Pfv,total = 1.0 
TE legs 180.9 

Insulator plates 94.8 

8 x 8 

6 

2 

Solder contacts 28.9 

Pfv,TE = 1.0 
Pfv,insulator = 0.46e-11 

Pfv,total= 1.0 
TE legs  

Insulator plates  
1 

Solder contacts  

Pfv,TE = 1.0 
Pfv,insulator = 
Pfv,total= 1.0 

TE legs  
Insulator plates  

3 

2 

Solder contacts  

Pfv,TE = 1.0 
Pfv,insulator = 
Pfv,total= 1.0 

TE legs  
Insulator plates  

1 

Solder contacts  

Pfv,TE = 1.0 
Pfv,insulator = 
Pfv,total= 1.0 

TE legs  
Insulator plates  

10 x 10 

6 

2 

Solder contacts  

Pfv,TE = 1.0 
Pfv,insulator = 
Pfv,total= 1.0 

* Fixed center point of hot surface (top surface in model). Rest of TE device is free to deform. 
# Hot surface is restrained with rollers (hot surface prevented from deforming in the direction  

perpendicular to the TE device).  
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Table V.  Skutterudite with ΔT = 250°C, temperature at hot-side surface = 450°C, 
and temperature at cold-side surface = 200°C. 

 
Array 
size 

TE leg 
height 

Boundary 
conditions component Max S1 Probability of failure 

TE legs 114.0 
Insulator plates 101.0 

1 * 

Solder contacts 31.1 

Pfv,TE = 0.69 
Pfv,insulator = 0.20e-9 

Pfv,total= 0.69 
TE legs 168.3 

Insulator plates 66.0 

3 

2 # 

Solder contacts 31.5 

Pfv,TE = 0.999 
Pfv,insulator = 0.76e-13 

Pfv,total= 0.999 
TE legs 112.9 

Insulator plates 84.8 
1 

Solder contacts 33.9 

Pfv,TE = 0.72 
Pfv,insulator = 0.79e-11 

Pfv,total= 0.72 
TE legs 175.5 

Insulator plates 57.5 

6 x 6 

6 

2 

Solder contacts 32.8 

Pfv,TE = 1.0 
Pfv,insulator = 0.2e-13 

Pfv,total= 1.0 
TE legs 115.5 

Insulator plates 119.3 
1 

Solder contacts 31.6 

Pfv,TE = 0.826 
Pfv,insulator = 0.22 e-8 

Pfv,total = 0.826 
TE legs 173.1 

Insulator plates 85.2 

3 

2 

Solder contacts 29.5 

Pfv,TE = 1.0 
Pfv,insulator = 0.19e-11 

Pfv,total= 1.0 
TE legs 115.4 

Insulator plates 101.0 
1 

Solder contacts 32.4 

Pfv,TE = 0.840 
Pfv,insulator = 0.71e-10 

Pfv,total = 0.840 
TE legs 203.4 

Insulator plates 82.4 

8 x 8 

6 

2 

Solder contacts 32.5 

Pfv,TE = 1.0 
Pfv,insulator = 0.63e-12 

Pfv,total= 1.0 
TE legs 115.6 

Insulator plates 122.9 
1 

Solder contacts 31.8 

Pfv,TE = 0.919 
Pfv,insulator = 0.80e-8 

Pfv,total= 0.919 
TE legs 184.5 

Insulator plates 99.2 

3 

2 

Solder contacts 31.8 

Pfv,TE = 1.0 
Pfv,insulator = 0.14e-10 

Pfv,total= 1.0 
TE legs 114.5 

Insulator plates 101.5 
1 

Solder contacts 32.4 

Pfv,TE = 0.925 
Pfv,insulator = 0.22e-9 

Pfv,total= 0.925 
TE legs 230.0 

Insulator plates 91.0 

10 x 10 

6 

2 

Solder contacts 32.5 

Pfv,TE = 1.0 
Pfv,insulator = 0.49e-11 

Pfv,total= 1.0 
* Fixed center point of hot surface (top surface in model). Rest of TE device is free to deform. 
# Hot surface is restrained with rollers (hot surface prevented from deforming in the direction 

perpendicular to the TE device).  
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4. SUMMARY 
 
The probability of failure for various square-arrayed thermoelectric device designs using bismuth 
telluride, lead telluride, or skutterudite thermoelectric materials were estimated.  Only volume- 
or bulk-based probability of failure analysis was considered.  The effects of the choice of the 
thermoelectric material, the size of the leg array, the height of the thermoelectric legs, and the 
boundary conditions on the Pf of thermoelectric devices were investigated.  The use of longer 
legs, using skutterudites, allowing the thermoelectric device to freely deform while under a 
thermal gradient, and using smaller arrays promoted higher probabilities of survival. 
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