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A Bayesian Approach to the Design and Analysis of Computer Experiments

by Carla Currin, Toby Mitchell, Max Morns, and Don Ylvisaker

Abstract

We consider the problem of designing and analyzing experiments for prediction of the function
y(f), te T, where y is evauated by means of a computer code (typically by solving complicated
equations that model a physica system), and T represents the domain of inputs to the code. We
use a Bayesian approach, in which uncertainty about y is represented by a spatial stochastic
process (random function); here we restrict attention to stationary Gaussian processes. The
posterior mean function can be used as an interpolating function, with uncertainties given by the
posterior standard deviations. Instead of completely specifying the prior process, we consider
severa families of priors, and suggest some cross-validationa methods for choosing one that
performs relatively well on the function at hand. As a design criterion, we use the expected
reduction in the entropy of the random vector y (T*), where T* < T is a given finite set of “sites’
(input configurations) a which predictions are to be made. We describe an exchange agorithm
for constructing designs that are optimal with respect to this criterion. To demonstrate the use of
these design and analysis methods, severa examples are given, including one experiment on a
computer model of a thermal energy storage device and another on an integrated circuit
simulator.




1. Introduction
1.1 Computer models and computer experiments.

There is widespread and growing use of computer models as tools in scientific research. Some
are simulations of events and processes while others are programs for numerically solving
equations that are derived from physical assumptions and laws. As surrogates for physical or
behaviord systems, computer models can be subjected to experimentation, the goal being to
predict how the corresponding real system would behave under certain conditions. Complex
models often require long running times, however; even as computers become more and more
powerful, researchers adjust quickly and develop more extensve and demanding models. The
result is that computing time very often severely limits the size and scope of computer
experiments. The research reported here, on the design and analysis of such experiments, is
motivated by the goat of getting information from computer models as efficiently as possible.

Here we regard a computer model as a computer program that maps a vector of input variables
(parameters) ¢ into a vector of output variablesy , where t and y are physically meaningful. For
example, t+ might specify the boundary conditions and coefficients in a set of complicated
differential equations, which are solved numerically by the computer program to produce a record
of the state of some physical system at each of many points in space and time. From the mass of
data that represents the solution of the equations, various responses y of interest are determined.
We can therefore view y as a function y(r) over some domain T in the space of the input
varigbles. This function is deterministic: if the program is run twice (on the same computer) with
the same value of ¢ , the same value of y will result.

We congder a computer experiment to be a collection of runs of the computer model, made for
the purpose of investigating y(¢) for t € T. For convenience. we shall consder T to be defined
only by the design variables, i.e., those variables that are changed during the course of the
experiment. In a typica experiment of # runs, the ** computer run is made using inputs #;€ 7',
i=1,2,, n; this collection of input configurations is caled the experimental design.

There are several important generd classes of problems that can be approached through computer
experiments. Some of the mgjor ones are:

(1)  Prediction: Given ¢, predict y .

(2) Sendtivity analyss. Identify the important and the negligible input variables.

(3)  Uncertainty analysis: Determine how uncertainty about ¢ affectsy Equivalently,
determine the variability in y caused by random variability in ¢.

(4)  Optimization: Find the ¢ a which y is “best” in some sense.
(5) Root finding: Find a ¢ that yields a specified y

(6) Integration of output: Find the average y that results when ¢ is randomly drawn
from a known input distribution.

Of course, these are interrelated. Perhaps the most fundamenta is the problem of prediction,
which relates to all the others in addition to being of interest in its own right. This is the subject
of this paper.




We shall redtrict attention here to the prediction of a scalar (univariate) y For a given design,
multidimensional y’s can be predicted by applying the scatar predictions separately to each
component, athough this would ignore potentially useful information about relationships among
the components. We have not considered the important question of designing experiments for the
purpose of predicting multiple, interrelated responses.

1.2 The prediction problem.

We consider a solution to the prediction problem to include a prediction equation $ (¢ ), formulas
for evauating the uncertainty of prediction, and rules for choosing the design. Because of the
nature of our gpproach, which is described below, our method is quite similar to interpolation, in
that the prediction of y will be identical to the observed y a values oft for which the model has
been run, At other values of t , our prediction will take the form of a probability distribution, the
mean of which, expressed as the function $(¢). can be used as a prediction equation.

A frequently used approach to the prediction pmblem in computer experiments is based on the
response surface methods that have so often been successful in physical experiments. (See, eg.,
Baker and Bargmann, 1985.) Typicaly, one conducts the experiment using a standard response
surface design (e.g, a fractiond factorial or central composite design). A response surface model
(e.g. a second order polynomid) is fitted to the data by the method of least squares, and the fitted
model is then used for purposes of prediction. Measures of uncertainty, if given, are usualy
standard errors of prediction derived from classical least squares theory or confidence intervals
based on normal regression theory.

Our reservations about this kind of approach to the problem of predicting deterministic functions
are:

1. The class of gpproximating functions is not flexible enough. This is not a major problem for
some applications, e.g., where. the predictive approximation is to be used for an analysis in
which T is small enough o that a first- or second- order Taylor approximation is adequate.
For more genera applications, however, more flexible functions are needed. Extending the
class of functions to higher-order polynomialsis seldom practical, because of the large
number of terms whose coefficients must be estimated. Moreover, any approach based on
choosing a class of functions has the inherent limitation that one can do no better than to find
the best gpproximation toy within that class.

2. The estimation procedure (least squares) is not well justified. Although it retains some
heuristic appeal for this problem, its statistical justification is lost because of the absence of
random error. What is of interest in the prediction problem is prediction at the points of T
not run in the experiment; to our knowledge, there is no argument that supports least squares
estimation for that purpose.

3. There is no theory that supports statements of uncertainty about the predictions. Confidence
intervals in classica response surface methodology are based on the assumption that the
“true” response function is in the assumed class, and that departures of the data from that
function represent independent random variables. In the prediction problem, it is highly
unlikely that the “true” response function will be in the assumed class, and, as we have
dready remarked, there is no random error.

4. Most standard designs have been developed using criteria appropriate for standard statistical
models and inappropriate for the prediction problem when there is no random error.




1.3 A Bayesian approach.

We approach the problem from a Bayesian point of view, under which uncertainty about the
function y is expressed by means of a probability distribution over al possible response
functions. Random functions (stochastic processes. random fields) have been studied for a long
time, and we borrow notation and nomenclature from that source. The initial (prior) process will
generally be very diffuse, to indicate a high degree of uncertainty about the function y (r) given¢.
As data from a computer experiment become available, the prior process can be updated, under
the rules of conditiona probability. to yield the posterior process, which we shal frequently call
the predictive process. The mean of the predictive process, which is a function of ¢ , serves as a
prediction equation, and the standard deviation, also a function of ¢, serves as a measure of
uncertainty of prediction. Measures of information based on the predictive process can he used to
establish design criteria, and computational optimization agorithms can be used to choose good
designs.

The main ideas that underlie this approach are:

(1) The use of stochastic process models to make predictions about deterministic functions,
and

(2) The adoption of a Bayesian approach to derive such models and to guide the formulation
and solution of prediction and design problems.

These are not new idess, especialy (1), which has been applied extensively in the anaysis of
spatial data, and supports, for example, the “kriging” methods used in geostatistics. (See Ripley’'s
(1981) book on spatia statistics or, for an introduction to the kriging literature in particular, the
introductory sections of Cressie's (1986) article.) The prediction problem in kriging is usudly
formulated as the problem of making inferences about the realization of a spatial stochastic
process Y(r), given the values of that process at a set of “stes’ ¢4, . , t,. See Ylvissker (1987)
for a discussion of problems of this general type and of the associated design problems.
Recently, Shewry and Wynn (1986) and Sacks and Schiller (1987) proposed and used design
optimality criteria based on spatid stochastic process models to compute optimal designs for
prediction in various settings. Sacks, Schiller, and Welch (1988) applied such models to the
design and analysis of computer experiments, which is the application of interest here. For $(z),
they used the best (for squared error loss) linear unbiased predictor; for a design criterion, they
used the mean squared error of prediction, integrated over the region of interest. Their examples
included experiments on computer models for the homogenous pyrolysis of propane and the
combustion of methane.

Kimeldorf and Wahba (1970) were the firdt, as far as we know, to use a stochastic process in an
explicitly Bayesian sense, for the purpose of predicting a fixed but unknown function. They
considered the correspondence between the prediction equation (the mean of the posterior
process) and smoothing splines. In kriging, Bayesian approaches are still not common, the recent
paper by Kitanidis (1986) being one of the few examples.

In this paper, we shall present our basic approach and give a smple example in one dimension
(Section 2). We shall then discuss a design criterion and our design construction algorithm
(Section 3). Both the design and the analysis are driven by the prior process, the choice of which
presents a difficult problem in practice. Hem we dtrive for a semiautomatic Bayesian method,




using “impartia” priors to the extent possible and letting the data help choose the prior, rather
than trying to faithfully model the experimenter’s prior feelings. Although we are far from
settling on a“best” way of making the choice of prior process, we discuss some criteria and
describe our current approach (Section 4). Finally, severa examples will be discussed

(Section 5), including one experiment on a computer model of a therma energy storage device
and another on an integrated circuit smulator.

2. Prediction
2.1 The prior process.

We represent “knowledge’ about the unknowo function y (¢ ) by a stochastic process Y (¢ ), where

(P1).  Y(r) has anomal distribution with mean p and variance 6® (the same for al ¢, and

(P2). Forany pair of Stest e T, s € T, the correlation between Y (t ) and Y(s) is a function only
of the vector of differencesd = t-s,i.e,

pis = Corr (Y (1), Y(s)) =R (t—s) =R (d), (2.1)
where R(d)=R(—d)and R(0)=1.

The properties (P1) and (P2) define Y(r) as a stationary Gaussian stochastic process. Normadity
is chosen for convenience; the posterior process is easily derived, as noted below. Stationarity is
desirable from the objective Bayesian point of view as away of expressing a form of prior
exchangeability: the prior distribution of the response y(r) is the same for all ¢, and the prior
distribution of the difference y (¢ >~y (s ) depends only on the difference between ¢t and s

From a Bayesian viewpoint, the correlation between Y (¢ ) and Y (s) in (P2) expresses the effect
that exact knowledge of ¥ (s) has on knowledge of Y(r). Given ¥ (s)=y(s), Y(t) has a normal
distribution with mean p, |, = p(1-R (d)y (5 )R (d) and variance 67, = 6*[1-R¥d)]. Clearly,
the choice of Rin (2.1) is not arbitrary; R must be “lega” in the sense that, for any finite set of
stesin T, the covariance matrix generated by R must be nonnegative definite.

2.2 The posterior (predictive) process.

The posterior process, given the set of observed responses y (2 ) on the set of design sitessD < T,
is easily obtained as follows.

Let
Cp =Corr(Y (D), Y(D))

be the n x » matrix whose elements are the prior correlations between the responses at dl pairs of
design sites. For t e T', let
rp()=Corr (Y (1), Y (D))

be the n -vector of prior correlations between Y(t) and Y (D).




Then the posterior distribution of Y (r) is norma with mean:
Weip = R+E(CH p 1) (2.2)
and variance

olip = G 1-rft)Ch rp ()], (2.3)

where J in (2.2) isan n-vector of 1's, and yp iSthe set of observed responses y(D) written as
vector.

For t and sinT , the posterior covariance of Y (¢) and Y (s) is
Zu1p =0 [P —rB()C5 (s )] (2.4)

All knowledge about y(t) given the data and the prior process is embodied in the posterior
process defined by (2.2)-(2.4), which is Gaussian like the prior process, but is no longer
stationary. Since we shall use the posterior process for prediction, we shall often refer to it as the
“predictive process.” When we consider the mean of this process as afunction of 1, we shall
denoteit by ¥p(¢) or ssimply j(r): thisis an interpolating function, since it passes through the
observed y ’s. The posterior variance (2.3) can be used as a measure of uncertainty of prediction
at sitet; it is necessarily zero at the observed sites.

The computation of (2.2)-(2.4) is mainly a matter of inverting Co, or solving a set of n equations
in 7 unknowns. This ordinarily takes very little time, relative to the time it would usually take
for the computer model to generate a single response. Moreover, Co does not depend on ¢, so

predictions can be generated very quickly for a large number of Stes, once the n-run experiment
on the computer model has been completed.

2.3 Linear correlation function in one dimension.
As a smple one-dimensional example with T = [0,1], consider the correlation function:
R(d)= 1(1-p)ld i, (2.5)

where0<p< 1isCorr (Y {0), Y(1)). Inthiscase, the i* clement of rp{(t) is1—(1—p) 12— |, SO
$() is alinear spline interpolating function. (See equation (2.2).)

Remark 2.1. Negative values of p are permissible. and can lead to good predictive distributions in
some cases, but we shal avoid them here because they are counter to the intuitive notion that the
posterior variance of Y(r) given Y (s) should increase with | r-s |

Examole 1.

Consider an experiment consisting of five runs, equaly spaced at intervals of 0.25 in T = [0,1],
where the observed values ofy are 1.0, 0.86, 0.63, 0.49, and 0.39. Figure 1 shows the mean and
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Figure 1. Predictive mean y(t) and 95% predictive probability
bounds (¥(t) + 1.966,p) after 5 runs (Example 1). The
response data were generated by the function
y(t) = 1 - e ¥, The prior correation function is linear
(Equation 25) with p = 0.000817; the prior mean and
standard deviation areyu = 0.70 and & = 0.20.

95% probability bounds (¥(¢) + 1.966, |5} as functions of ¢ when p = 0.000817, p = 0.70. and
a=0.20. These values of the parameters of the prior process were not, in fact, specified a priori,
but were chosen to maximize the likelihood (Section 4.2.3).

The function that we used to generate the data for this example is a survival function:
Y(r) = 1-e~1@), (2.6)

which is approximately linear over most of {0,1], but has zero dope at the origin. It is shown by
the dashed line in Figure 1.

2.4 "Smoothed" correlation functions in one dimension,

In Figure 1, the lack of smoothness of $(¢) at the data points and the rapid change in the width of
the probability intervals there is due to the absence of prior information about the derivatives of
y(t). It can easlly be shown that, unless R'(0) = 0, the prior variance of ¥ (t) is infinite, Thisis
the case for the linear correlation function given in (2.5). since R (d) is discontinuous at the
origin.

We can make the prior process smoother by supposing that the first derivative Y’ (f) is a
stationary Gaussian process having the linear correlation function given by (2.5) but with p
replaced by ¥, where y= Corr (" (0), Y'(l)). (We shall reserve the notation p for the correlation
between Y (0) and Y (I).) Mitchell, Morris, and Ylvisaker (1988) have found necessary and
sufficient conditions for the existence of stationary Y having such a derivative process. The
correlation function of Y is given by:




R(d)=1<a/2)d’+(b/6)1d | 2.7
where a and b are pogitive parameters that satisfy:
b? — 6ab + 12a%< 24b. (2.8)
Since. p = 1={a/2)+b /6) and y=1-h/a, (2.8) can be expressed in terms of p and yas:
P2 (SY+8Y-1Y/(Y4+4y+7). (2.9)

This region in p and ¥ is shown in Figure 2. In this paper we redtrict further to p> 0, v> 0; see
Remark 2.1.

Since $(¢) is a linear combination of » functions of the form R (¢—¢;), the interpolating function
that follows from the choice of cubic R, Equation 2.7, is seen to be a cubic spline.

Figure 3 shows the results of applying the cubic correlation function to the data in Example 1
above; compare with Figure 1. The parameters of the prior process, also chosen asin Section
4.2.3, are p = 0.0441, y= 0.149, p = 0.72, and o = 0.34. The interpolating equation is smoother

ORNL-DWG 88C-3076 FED

ADMISSIBLE
REGION

-1.0 -0.5 0 0.5 1.0
7

Figure 2. Admissible region for p and y for the cubic correlation
function. (See Equations 2.7-2.9.)
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Figure 3. Predictive mean j(t) and 95% predictive probability
bounds (§(t) +1.96c; p) after 5 runs (Example1), when
the prior corréation function is cubic with p = 0.0441
and y=0.149, and the prior mean and standard
deviation aren =0.72 and ¢ =0.34.The response data
were generated by the function y(t) = 1 — V@,

in Figure 3, and the 95% probability hounds are much narrower. They seem a bit too narrow, in
fact, since the true function falls outside of them in the range [0, .25]. (One should not however,
interpret the 95% probability bounds as a confidence envelope for the whole response curve,
since they are based on pointwise probability statements.)

Further smoothings can be made, as in Mitchell, Morris, and Ylvisaker (1988). We have aso
considered a few other families of correlation functions (Section 4.1).

2.5 Extension to more dimensons

Suppose now that there are two design variables and we want to be able to predict at Sites within
the unit square. Consider the three sites ¢ , 5, and u in Figure 4 From the development for one
dimension above, we can transfer information from s to # , i.e., we can predict y (#) given y(9),
and smilarly from u to + We shal adopt this as the way to transfer information from s to ¢, i.e,
we require:

POy )] =[ply @)y ) ply @)y ®)] dy @) (2.10)
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(2)

(1)
Figure 4. Under the product correlation  rule,
Pts = PruPus = Rl(tl - SI)RZ“Z —~82).

where, eg., p [y () |y (1)} refers to the conditiona density function of Y(r) given ¥ (u). (We use
p here genericaly to represent dengity functions.)

Given Y (t), ¥ (u), and ¥ (s ) are jointly Gaussian, (2. 10) can hold if and only if

Pts = PtuPus- (2.11)

where, e.g., Py, IS the correlation between Y (¢) and Y (»), which we require, as above, to be a
function only of the difference between ¢ and u. Thus, (2.11) becomes

Pie =R (1= u R U3=52) = R {11~ 5 DR (825, (2.12)
where R ; and R, are correlation functions for one-dimensional processes.

The same reasoning leads us in k dimensions to the product correlation rule, by which we define
k
Pis = TIR; (¢ —;) (2.13)
=1

where ¢t and s am in R* and R;,j =1, 2, ..,k are correlation functions for one-dimensional
processes. This rule has been used previously for prediction in spatial settings; see Y Ivisaker
(1975).

Remark 2.2. Our rationale for the product correlation rule is not a very strong one, dthough the
notion of transmitting information along paths in which all but one variable is held fixed may
have some appeda for those who like to think in terms of one-factor-at-a-time experimentation,
One consequence of this notion is that, in Figure 4,
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ply®)iyG),yw)l=ply@®)ly@); (2.14)

this condition can be shown to be equivaent to (2.10) and (2.11). At present, we use the product
correlation rule primarily for expediency, and we have not yet encountered any obvious pitfalls.

Remark 2.3. In Situations where a single variable is represented by a point in severa dimensions
(like “location” on a two-dimensional surface), the selection of the coordinate axes for
representing that point may be arbitrary. Then one might modify (2.13) by requiring the
correlation between the responses at two locations (with the other variables fixed) to depend, for
example, on the Euclidean distance between them. There am examples of such correlation
functions in the literature on kriging. When each variable has a distinct physical meaning,
however, the use of a definition of “distance” between two Sites as a basis for choosing the form
of the correlation function loses its intuitive appedl.

In this paper, we shal adopt the product correlation rule as given in (2.13). For example, in k
dimensions, the linear correlation (2.5) becomes

R(d) = [@1(1—(1-pj) I d; 1) (2.15)

j=1

We generdly allow each dimension to have its own parameter(s), athough this complicates the
problem of “estimating” them (Section 4.3). No matter what correlation function is chosen, the
formulas for the properties of the posterior process remain the same as for the case of one design
varigble (see (2.2)-(2.4)).

An example of the appearance of the interpolating function that arises from the product of linear
correlations is shown in Figure 5. where T is the unit square and there. are three observations as
shown. Within each eementary rectangular piece of the grid generated by the three sites, y(t)
can be (at most) bilinear; here it is linear in every piece. Similarly, the product of cubic
correlations would produce bicubic functions in each piece.

3. Design
3.1 Design criterion

Suppose we want to design an experiment in a runs for prediction at a finite set of n* sites
T"cT, where n*> n. After the experiment is run, knowledge of y at these sites will be
embodied in the n* -dimensiona norma distribution of ¥ (7" ID) generated by the predictive
process there. The mean i+, and the covariance matrix Z,- , , of this distribution can be
obtained using (2.2)-(2.4).

We would like to design the experiment to minimize, in some sense, the “amount of uncertainty”
in¥ (T* ID). To quantify this, we shall use Shannon’s (1948) entropy, which, for a general
multidimensional random variable X, is defined as

Hy =E{-Inpx(X)l+c, (Entropy)
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Figure5. Contours of constant predictive mean §(t} after observing
y(03,0.2) = 4, ¥(0.5,0.8) = 5, and y(0.8, 0.6) = 7, where the
prior correlation function is a product of two one-
dimensional linear correationswith py =p2 =0.8, and L = 5.

where px is the dengity function associated with X, E is the expectation, and ¢ is an irrelevant
constant. The entropy is aways nonnegative; the lower me entropy, the more precise is the
knowledge represented by X Lindley (1956) proposed using the expected reduction in entropy
as a criterion for design. This has been done, e.g., by Box and Hill (1967) and Borth (1975) for
model discrimination, by Shewry and Wynn (1986) for spatid sampling, and by Mitchell and
Scott (1987) for group testing.

In the present setting, we take X to be ¥(T* ID); this is multivariate normal with variance-
covariance matrix Zp-p , SO

Hpe p =05 Indet Zpe \y +¢ -,

where ¢” does not depend on the data. In fact, Hp. , depends only on the design sites in this
case, and not on the values of the responses. By choosing D to minimize det Zp+ |, We will

therefore ensure that, after the experiment, the amount of uncertainty about the responses on T*
will be as small as possible.

In generd, it can be shown that A+, can be minimized over designsin T by choosing D as the
subset of T on which the prior entropy Hp is maximized (Shewry and Wynn (1986).) For
Gaussian priors, this criterion becomes

max det Co (D-optimality)
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over al n-run designs D We shdl call this D -optimality because, like the usua D -optimality
criterion in the linear model setting, it minimizes the posterior generalized variance of the
unknowns that one is trying to estimate.

Remark 3.1. For Gaussian prior processes, to minimize the entropy after the (z+1)* run, given n
previous runs, choose the (# +1)™ site to be one at which the predictive variance (after the first n
runs} is maximum. This follows from Shewry and Wynn’s result.

3.2 Design algorithm

Given a correlation function, a D-optimal design can. in principle, be found before any data on y
arc taken, since the optimality criterion does not depend on y. Except in a few special cases,
however, there seem to be few theoretical results available for finding such designs. The designs
congtructed for this paper were obtained fmm a computer agorithm adapted from DETMAX
(Mitchell, 1974). which was first developed for the purpose of constructing D-optima designs for
linear regression. The optimization method is based on a series of “excursions,” which are
sequences of designs in which each design differs from its predecessor by the presence or absence
of a single site. The first and last designs in an excursion have n Sites; the intermediate designs
all have fewer sites. (This restriction to designs with » or fewer sites was put in to avoid
numerical problems associated with the nearly singular Co matrices that sometimes arose when
the number of sites became large. It ensures that Co for any design D encountered during the
excursion is at least as well conditioned as the starting design.)

The first step of each excursion removes a Site from the best current design. At subsequent steps,
asiteisadded, unless the design at that step has already been declared a“failure design,” in
which case asite is removed. (All designs encountered since the most recent successful
excursion are designated as failure designs.) For the purpose of checking a design for
equivaence to a failure design, only the determinants of their correlation matrices arc compared,
thus false equivaence may occasionaly be declared. All additions and deletions are made with
the goa of maximizing the determinant of the correlation matrix for the resulting design. By
Remark 3.1, the best site t to add to an existing design D is the one at which the variance
function 63 p is greatest. It can also be shown that the largest determinant after deletion of a site
in D can be achieved by choosing that site to be the one associated with the greatest element of
the diagona of Cj".

The search for the best site to add is conducted over a grid in 7. Except when T has few
dimensions or the grid is very coarse, it is not practical to make the search exhaustive. Instead we
have incorporated a multiple search procedure that can best be envisioned by thinking of a set of
n hikers trying to climb a hill. Each hiker starts a one of the n current design Sites; at each of
these the variance function is zero. The agorithm proceeds by stages, where in each stage, each
hiker takes one step in the direction that alows him to increase his atitude the most. We redtrict
him to consider only the 2k neighboring grid points associated with a change in exactly one of
the k design variables, and of course we don't let him step outside of T. Under this procedure,
the variance function (2.3) is evaluated at (at most) 2nk sites in each stage. Sometimes, two




13

hikers will merge, in which case they continue as one. The search ends when all hikers have
stopped at (local) maxima; the Site that corresponds to the largest of these is taken to be the best
gite to bring into the design at the current point in the excursion.

The number of excursions made during each search (“try”) is determined by restricting the
maximum allowed deviation from the nominal number of runs (n). the maximum allowed
number of successive excursions that fail to improve | Co I, and the maximum alowed number
of “failure designs.” (We generally set these redtrictions to 4, 10, and 20, respectively.) When one
of these constraints causes the search to end, a check for local optimality is made by removing
each design site in turn and attempting to replace it by another, using the “hikers’ dgorithm. If
the latter succeeds in finding the globa maximum of the variance function in each case, then D is
localy optimd in the sense that it cannot be increased by moving a single site. However, the
success of the "hikers" algorithm is not guaranteed, and even if it were, the search would not
necessarily produce a globa optimum.

Figure 6 gives an example of adesign (on a6° grid) generated by our algorithm for the case
n =6, k=75, for the linear correlation function with p; = .99 for al j (When generating designs
in the absence of previous data, we usually choose the same correlation function for each
dimension.) This design exhibits some interesting geometrica structure, as shown by the intersite
distance graph in Figure 6. Because of the high value of p, there is a large region in the middle of
T in which there are no design sites; predictions here rely heavily on information from the
surrounding design sSites. This characterigtic is even more pronounced for smoother correlation
functions. If we use the cubic correlation with p = .99 and y= .99 in the same case, al six Stesin
the optimal design am on corners of the S-cube. In fact, this design turns out to be equivaent to
the D-optimd first order regression design in 5 factors and 6 runs(Galil and Kiefer, 1980).

At the other extreme, designsthat infiltrate T to a greater extent can be constructed by using
correlation functions R(d) that decrease rapidly with Id I. We favor such designs as initial
designs in a stagewise approach, in which the correlation function that is used to generate the
design sites at each stage may change during the cour se of the experiment, The cross-validational
methods of Section 4 can be used to help select the correlation function to be used at each stage
after the first. Examples of this kind of design strategy will be given in Section 5.

4. Choice of prior process
4.1 Alternative prior processes

We have made no attempt so far to investigate non-Gaussian or non-stationary prior processes.
Within the stationary Gaussian family, we have used on occasion three correlation functions other
than the linear and cubic correlations aready described in Section 2, mostly on examples in one
or two dimensions. They are the exponential, the smoothed exponential, and the Gaussian.
These are dl defined on T =[0,1], but can be extended to genera hyperrectangular regions by
scaling the variables and applying the product correlation rule (2.13). In al three of these, p
refers, asusual, to Corr (¥ (0), Y (1)) and y refersto Corr (Y7 (0), Y’ (2)).
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Our allegedly D-optimal design for five design variables and six runs, on a ¢°
grid, based on the product linear correlation function (Equation 2.15) with
common p = 0.99. The graph below the degign depicts the intersite distances,

where the distances are defined by d(t, s) = ¥ | t; — 5;].
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4.1.1 Exponential correlation.
The exponentia correlaion function
R(d)=p"" 0<p< 1, (4.1)

is the one associated with the well known Ornstein-Uhlenbeck process (Parzen, 1962, pp. 96-97).
It is useful for design because it can be made to decrease very sharply in Id | by choosing p near
0. This leads to designs that fill in T as much as possible, since. what little information can be
drawn at sitet from the observations at the design sites must come primarily from its nearest
neighbors. At the other extreme, as p approaches 1, (4.1) approaches the linear correlation (2.5),
and, in one dimension, $(t) approaches a piecewise linear function through the observed data
points. This can be seen by differentiating (2.2) twice with respect to ¢ and noting that
r,“(t) = (In p)*rp (). Also, G p approaches 0 in the limit, since it is no larger than o4, for
d e D and the correlation between Y (¢ ) and Y(d) tends to 1. A similar argument can be used in
higher dimensions to show that the product exponentid correlation leads to a k-linear spline
interpolating function as the p; ‘s approach I.

Remark 4.1. For experiments on [0,1} the D-optimal design for the exponential correlation
function (4.1) can be derived theoretically. In this case, we can write

n-|
det Cp =101 - R*(tn—4),

i=1

from which it follows that, for a design to be D-optimal, the correlations between two adjacent
design sites must all be equal, and as small as possible. Therefore. no matter what the value of p,
the D -optimal design is equispaced and includes the two extreme sites at t=0 and ¢t =1.

4.1.2 Smoothed exponential correlation.

The smoothed exponential correlation

_ 1¢'+1d 1y, _ _ 4.2)
R(d)= 14y (1-p)+l1, I<p<l, 0<y< 1

was obtained by Mitchell, Morris, and Ylvisaker (1988) from the exponentia in the same way
that the cubic correlation was derived from the linear (Section 2.4). Again there is a necessary
and sufficient constraint on ¢ and ¥:

p2-1+2(1-y(~mny)
This region is shown in Figure 7; for the examples in this paper we shal require further that p> 0.
4.1.3 Gaussian correlation.
The Gaussian correlation

R(@)=p*, Ocpc 1. (4.3)
was used in the examples of Sacks, Schiller and Welch (1988). It is very smooth in the sense that

it puts all of its probability mass on analytic functions; all derivatives of Y (r) have finite
variances.
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Figure7. Admissible region for p and ¥ for the smoothed
exponential correlation function (Equation 4.2).

We have not considered enough examples to be able to make any general recommendations about
which type of correlaion function to use in a given stuation. We currently lean toward the cubic
or the smoothed exponential, with a slight. preference for the former because of its more direct
connection with cubic splines. The cross-vaidational methods described below can be of value
in making the choice, since cross-vaidational criteria can be compared across families of prior
processes as well as within families.

4.2 Cross-vaidation

It is often possible to choose prior values of p and o, based on one's knowledge of the overall
response level and the expected magnitude of departures from that level; even so, the posterior
process can be quite sengtive to these values. It is generally more difficult to choose, a priori, a
completely specified correlation function. Our preference is to make al of these choices using the
three cross-validational methods described in Sections 4.2.1-4.2.3 below.
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We consder the method of inference described in Section 2 to be actually a family of methods,
where each method corresponds to a particular value of (i, ) and a completely specified
correlation function R We then ask which method performs “best” in a cross-validational sense.
The criteria. we have used arc described below. Our hope was that one criterion would appear
superior, but we have tentatively concluded that we do better by considering al three jointly in an
informal, subjective way. This will be described more fully in Section 4.3: in this section we
present the mechanics of the computations.

Remark 4.2. A fully Bayesian approach would require a completely specified prior process,
rather than a family of prior processes. This could be accomplished here by specifying a prior
distribution on (u, &, R). It is not difficult to derive the posterior process when . and log o are
given the usua “noninformative” improper uniform priors. For fixed R , the posterior distribution
of y (¢) is Student’s ¢, as one would expect, and the entropy criterion becomes equivalent to the
maximization of 1Cp | JTC54), where J is the n-vector of 1’s. We have not yet explored
approaches in which a prior distribution on R is specified, primarily because of the lack of an
obvious candidate for one that is "noninformative."

42.1 “Leave-one-out” predictive density

We consider the n sets of data that result from leaving out a single site and measure, in each case,
the effectiveness of the method for predicting the value of y at the deleted site. Let
p: (1L, o, R) represent the predictive density for y;, based upon the i “training sample,” i.e..
the data set that excludes the i th observed Site. The mean and variance of this distribution are:

Pi =yi — qi(g: —hwi) (4.4)
of = o%q; (4.5)
where
g =gR)=[CoR)] yp, (4.6)
w=wR)=[Cp(R)J, 4.7)

and ¢ = q (R) is the inverse of the diagonal of Cp! = [Cp (R)I™!

We shah define the predictive deficiency of this distribution to be the negative log of its density
a the observed y;

(yi—p: ) | 4.8)
o}

-Inp;(y;in,6,R) = -;-[ln(Zn) +Ino? +

‘The average deficiency over dl n design stes is:




18

o JiTHi 4.9
Bt = Oy 0, R) = L)+ L F1n 024 1§ OB 49)
i=]

i=l l

= 300w+ BingiR) +10 62+ — - $.0, NG R) ~ i RO
i=l1

Remark 4.2. The predictive deficiency (4.9) is essentidly the same as that used by Geisser and
Eddy (1979). In effect, we am treating the predictive distributions as though they had
independently generated the observed y ‘s, and are estimating their parameters by the method of
maximum likelihood. The general objective here is to choose these parameters so that the
observed y’s look as though they could reasonably have been drawn from their respective
predictive distributions.

For fixed R, @, can be minimized with respect to p and & by

3 4 Rw;(R)gi(R) (4.10)
Bpa(R) =

> g RWHR)
i=1

Gpa (R F%i_lq.- (R g (R )—Hpa w; (R))? (4.12)

and the average deficiency for fixed R becomes

Dpy (R )= Dpg (g (R), Gpa (R), R)““[111(275)+—quz(R)+ln0pd(R)+1] (4.12)
Bz

which is to be minimized over R
4.2.2 “Leave-one-out” squared bias

Sometimes, only the posterior mean is of interest. In this case, one may want to measure the
performance of a correlation function by considering only the leave-one-out residuals:

e =Yy — Wi =q;(gi—nw;) (4.13)
We shah call ¢; the (predictive) bias a the i** site. The average squared bias

@ =@, 1 R) = T = - BaHRI Rt ) (414

is minimized for given R by
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T4 R w; (R)g:R)
i (R)= = (4.15)
T a R W R)

i=l

We can then search for the R that minimizes ®;(R) = @5 (i, (R ), R).

Remark 4.3. The predictive mean squared error:
12 o2
_n'_z(g.: + O ) D, + __“zq: ’
1

is dways minimized by setting & = 0, and S0 reduces here to the squared bias criterion.

When using the squared bias criterion to choose p = ub and R = Ry, We suggest that o2, which
does not affect the bias, be chosen to minimize @44 (i, 6, Rp). i€, Use (4.11) with i, instead of
Hpa, and with R =K.

42.3 Maximum likdihood

The two methods described so far are both forms of cross-vaidation based on training samples of
sze n-l. An dternative approach, which we like to view as an extension to training samples of
different sizes, is to define the predictive deficiency to be 2! times the negative log likelihood:

O =D (1, G,R)‘:-;lnp()?p L, o,R)

-;—[ln(21r.) flno?+ m | CpR) 1 + -———ch Y [Cp R yp )]
= 2GR +In 62 + ~InI Cp(R) + — 02 ):(v. WG ®R) -pw @) 410
Then
_igi (R) (4.17)
wR)= I:l
Ywi(R)
=1
GAR) = - 30t (RONg: (R i R i R) (4.18)
=1 :

Substituting into (4.16). the minimum deficiency for fixed R is:
©(R) =B, (fi;, 6, R) = %[111(215)4'—’!1-]]1'6‘,9 ®R)1 + In GHR)+11 (4.19)

which is to he minimized over R




20

The likelihood deficiency @; can be written as a sum of average predictive deficiencies in the
sense of Section 4.2.1, where the “training samples’ consist of all subsets of n-I or fewer
observations. This can be seen by writing the likelihood in n | ways as

L =pip0Os,ly) - pOi, YipYip = 2 ¥) (4.20)

where iy, i3, , i IS a pemutation of 1,2, , n. Taking logs on both sides and averaging
over dl n ! equations yields

Q=02 +02+ - + 0%, (4.21)

where @ is the average of dl deficiencies of the form (4.9), taken over all subsets of j sites.
Note that @S’ is the same as @, .

4.3 Optimization

Our current procedure for choosing ., o, and R in practice is rather primitive. We first choose a
number of candidates for R within a given family of correlation functions by picking p; (and ;
if necessary), j =1, 2, , k, from a uniform distribution. (In the examples of the next section,
we use 800 such candidates)) Each candidate is then evauated with respect to each of the three
criteria described in Section 4.2. At the end of this search, any process that was best in its family
under any of the three criteria becomes a “findlist.” Since we consider five different families and
three different criteria, there are fifteen finaist processes. These are then evaluated subjectively
by considering the vaues of ®,,, ®,, and @, for each one. Usually, several can he rejected
immediately because there is another that is better with respect to all three criteria. Others are
then rejected because they are clearly weak with respect to at least one criterion. This usudly
leaves a manageable subset from which to choose one.

5. Examples

In this section we discuss the gpplication of the methods of this paper to four examples. In the
first two, the data are generated by known test functions, although we shall treat them as
unknown functions evaluated by a computer model. In the last two examples, real computer
models am used. In all of these examples, the random search method described in Section 4.3
was employed to present 15 "finalist" processes. from which one was chosen as the prior process
on the basis of overal cross-vaidational performance.

5.1 Sine function.
The data were generated by me function
y(t) =sinn(—-0.1)) (5.1)
at the sites t=0, 0.25, 0.5, 0.75, 1.
Of the 15 finalists presented by the random search method the process that minimized @, within

the Gaussian correlation family was chosen; it performed well under al three criteria. A plot of
the posterior mean and me upper and lower 95% probability bounds is shown in Figure 8.
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Figure8. Predictive mean #(t) and 95% predictive probability
bounds (¥(t) + 1.960,|p) after 5runs(Section 5.1). The
response data were generated by the function
y(t) = sin{2n({t = 0.1)). The prior correation function is
Gaussian (Equation 4.3) with p = 0.000817; the prior
mean and standard deviation are p =-0.241 and
a=0917.

5.2. Tes function in two dimensions.

Here we again pretended that y (¢) was an unknown function generated by a computer model, but
we used a known function to generate the response vaues:

00t + 1900t 7 +2092¢, + 60 (5.2)
1007 +500e7 +4¢, +20

23
Y@y, 1) =(1-e V%P

For prediction of y(t) on the unit square T: 0< ¢;< 1, j =1, 2, we adopted a general approach that
does not require much prior knowledge about y. We first designed the experiment using an
exponentia correlation function with p = .0001 (Section 4.1.1). The best design on a 20x20 grid
produced by our agorithm in ten tries is shown in Figure 9. All ten tries gave dightly different
determinant values. o it is unlikely that this design is truly optimum. There seemed to be little
point in undertaking more tries, however, especiadly since the computing time per try was about
45, seconds on a Cray X-MP. We did try various grid sizes, to avoid penalizing ourselves by
choosing too coarse a grid. We found that 20x20 was sufficient: finer grid sizes require
increasingly longer computation times with little apparent benefit.
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Figure9. Dedgn for k = 2 and n = 16, used in example of Section
5.2. This was the best design (under the entropy
criterion) produced by our algorithm in ten tries on a
20x20 grid, given a product exponential correlation
function with each p = 0.0001.

The response data were generated by the function (5.2) and analyzed using the five correlation
functions and three cross-vaidationd criteria that we have discussed. Of the 15 findists, the two
that seemed the best overall were (A) the process that minimized &, within the smoothed
exponential correlation family, and (B} the process that minimized @; within the cubic
correlation family. Contours of constant 9 for (A) and (B) arc shown in the first two panels of
Figure 10; the contours of the true response (5.2) are in the third panel. The maximum error of
for (A) on an 11x11 grid is 2.45, and the root mean squared (RMS}) error on the same grid is 0.50.
The corresponding values for (B) are 2.36 and 0.48. By way of comparison, we fit several
polynomia models by least squares to the 16 Sites on the 4x4 grid that covers the unit square.
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Contours of constant ¥(t,, t;) after 16 observations of the function
(Equation 5.2), where the prior correlation function is a product
smoothed exponential with py = 0546, y; = 0.245, p, = 0.762, vy, = 0.770,
and wherep = -23.510 and ¢ = 20.318.

Contours of constant $(ty, t;) after 16 observations of the function
(Equation 5.2), where the prior correlation function is a product cubic
with p; =0.0267, v, =0.0813, p, =0.754, v,=0.714, and where

p=-7.991 and ¢ = 23.213.

Contours of constant y(ty, t5} for the function (Equation 5.2).
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The extent of error in the fitted surfaces (as measured on an 11x11 grid) is shown in the last two
columns of the following table:

Polynomial Error D.F. Error S.S. R?  Max. Error  RMS Error

Quadratic 10 26.14 86.3 5.88 1.94
Cubic 6 2.18 98.9 4.04 112
Bicubic 0 0.00 100.0 3.63 1.02

5.3. Thermal energy storage system example (two dimensions).

We now discuss an experiment that we conducted as a demongtration exercise using the model
TWOLAYER, which was created by Dr. Alan Solomon and his colleagues at the Oak Ridge
National Laboratory. TWOLAYER models heat transfer into, out of, and through a wall
containing two layers of possibly different phase change materials. Heat is applied to the wall
during a 10 hour charge cycle, during which time some of the phase change material melts.
During the following 14 hours (the discharge cycle) heat is released from the wall naturaly as the
phase change materiad solidifies. Model inputs include layer dimensions, therma properties of
the materials, and characteristics of the heat source.

Our experiment was conducted to determine the effect of the melting temperature (¢,) and
thickness (¢;) of one of the layers on a “utility index” (y), which is the proportion of phase
change materia that changes phase during a certain period of heat discharge. The region of
interest was defined by 40< 1< 160 and 0.03< #,< 0.07, which we transformed (coded) to the unit
square (0,112,

For our initid experiment, we chose an 8-run design, generated to be optima on a 13x13 grid for
the exponentia correlation with p = .0001. The design points and the responses were:

fy t2 Y

0.0000 0.0000 0.6122
0.0000 1.0000 0.4290
1.0000 0.0000 0.0000
1.0000  1.0000  0.0000
0.1667  0.5000 0.3623
0.5000 0.1667 0.0898
0.5000 0.8333 0.0350
0.8333 0.5000 0.0000

Of the 15 prior processes presented as “optimal” by the random search method, the one that
minimized ®; within the product smoothed exponential correlation family and the one that
minimized &, within the product cubic correlation family had the best overal cross-validational
performance. There was very little difference between them, and in fact they shared the same
vaues of the correation parameters. Figure 11 shows the contours of constant § for the posterior
process derived from the smoothed exponentia correlation.

This process was used as a basis for choosing three additional sites, again using the entropy
criterion. We restricted the new sites to the region ¢ ;£ 0.5, since we were not very interested in y
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Figure 11. Contours of constant §(ty, t;} after 8 observations of the utility index y
produced by the computer model TWOLAYER, where the correlation

function is a product smoothed exponential with py=0.175, 11 =0.159,
pz = 0.924, v, = 0.824, and wherey = 0.470 and & = 0.328.

a or near 0, but the entropy criterion was based on al 11 sites. The new sites and the response
values there were:

£y 5] Y

0.25 0.0 0.5288
0.25 1.0 0.2503
0.3333 0.5 0.2306

After repeating the search for a "best” prior process, we settled on the one that gave the lowest
value of ®; within the product linear correlation family. The contours of constant § derived from

this process are shown in Figure 12.

Remar k 5.1. Like many model codes, TWOLAYER produces only an approximate solution to
the differential equations of the model. Here the approximation is not very good, since we
adjusted the parameters of the solution method to reduce the amount of computer time needed to
produce the response. As a result, the response surface y (¢ 1, t2) has plateaus and finite jumps,
very much like a two-dimensiona step function. The prior processes we have described here are
not well suited for accurate prediction of this kind of function, although the main features of the
response surface (except for the discontinuities) are well conveyed by Figure 12.
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Figure 12. Contours of constant ¥(t;, t;) after 11 observations of the utility index y
produced by the computer model TWOLAYER, where the correlation
function is a product linear with p; =0.004527, p, = 0.788, and where
i =0.260 and o = 0.218.

5.4 Circuit smulation example (six dimensions).

This experiment was run on a computer model similar to the one described by Welch, et al.
(1988). The modd is used to help design an integrated circuit, in this case a CMOS VLSl clock
driver. From a master clock, the circuit generates two output clocks of opposite polarities. The
objective of this experiment is to determine the effect of six transistor widths on the “ clock
skew,” which is a measure of the degree of asynchronization between the clocks.

We decided to do the experiment in two sets of 16 runs, with the analysis at the end of the first set
used to guide the design for the second set.

Table 5.1 shows the design sites for the first 16 runs and the response values (clock skew) found
a those sites. The actua values of the design variables have been shifted and scaled to make
= [0,1]%. This design was generated using a product exponential correlation with p ;= 0.1 for
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all j, following the same philosophy that we used in the examples above. The search was
restricted to a 5% grid, to save computer time. The design shown here is the best one found by the
agorithm in 10 tries, which took a total of about 20 minutes on a Cray X-MP. (At the time, the
design algorithm was such that values of p; much less than 0.1 would have resulted in much
longer search times. Since then, we have modified the algorithm so that 10 tries with p; = 0.01.
e.g., would require about 25 minutes.)

Table 5.1. Design Sites and Response Values for
Runs |-16 of Experiment on Circuit Simulator.

h 2 I3 Iy is s Y

100 000 075 000 050 050 -1.3480
000 100 100 000 00C 000 -0.9880
000 000 000 000 100 100 -0.8510
075 050 025 075 100 075 -0.31%0
100 000 1.00 1.00 100 0.00 -0.5709
100 100 100 0.00 100 100 -1.2960
050 025 000 0.00 000 025 -10190
100 100 075 100 000 050 -11351
000 000 050 100 000 0.00 -1.1501
025 050 075 025 1.00 000 -0.1160
000 100 000 100 100 0.00 0.1627
1.00 000 000 100 025 100 -0.7740
025 000 100 025 000 100 -235/0
000 07 100 100 075 100 -0.9529
000 100 000 050 000 109 -0.7490
100 100 0.00 025 050 000 0.3390

Of the 15 finalist candidates for best prior process, the three based on the product cubic
correlation function had the best cross-validational performance for these data. The same
correlation parameters were optimal (in 800 random choices) for all three cross-validation
criteria; they am given in the following table:

J pj Yj

1 099% 0537
2 0910 0.0103
3 0700 0571
4 0428 0.0268
5 0589 0512
6 0690 0.0694
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Of the three finalist processes that had this correlation function, we chose the one that was
optimal with respect to ¥, since it was either in first or second place when judged by each of the
three criteria. The optimal prior mean and standard deviation were )L = -1.339 and ¢ = 0.570.

We used this process to generate the next set of 16 runs, again from a 5% grid. The entropy
criterion was based on all 32 runs. The algorithm made three searches, taking a total of between
5 and 10 minutes on the Cray X-MP. The best of the three resulting designs is shown in Table
5.2, together with the observed responses.

Table 5.2. Design sites and Response Values for
Runs 17-32 of Experiment on Circuit Smulator.

t t) ts ty ts te Y

000 100 100 075 000 100 -15615
100 100 000 100 000 0.00 -0.2806
100 0.00 100 100 000 100 -2.2942
000 100 000 000 100 050 -0.0560
100 000 000 000 100 000 -0.0060
100 100 100 000 100 000 -0.2680
100 000 000 000 000 100 -1.6800
000 0060 000 100 100 100 -0.3991
100 000 000 100 1.00 0.00  0.0665
100 000 100 050 0.00 o000 -1.3671
1.00 100 100 075 100 025 -0.4492
1.00 100 000 050 100 100 -0.1300
100 000 100 050 100 100 -1.5500
000 100 100 100 000 0.00 -1.0526
000 000 000 050 000 050 -0.9930
100 100 1.00 000 000 100 -1.9940

Of the 15 finalist processes found by the random search procedure, only the three associated with
the product cubic correlation function were admissible. All three had the same correlation
parameters, we used the likelihood criterion to specify i =-1.946 and ¢ = 1.005. The correlation
parameters were:

J ¥ Yi

0.938 0.571
0.960 0.596
0.864 0.488
0.757 0.559
0.806 0.719
0.890 0.506

oA wWN —
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Because this particular computer model is relatively fast running, it was feasible to evauate the
predictive process at 100 test Sites, chosen randomly in the 6-cube. On these sites, the empirical
mot mean squared error was 0.163 and the maximum absolute error was 0.369. For comparison,
we dso fit a quadratic polynomia in 6 dimensions by the method of least squares. The vaue of
R? was 0.9993, indicating a very close fit to the observed data, although this is due in part to the
large number of terms in the polynomia (28) relative to the number of observed sites (32). At
the 100 random test sites, the empirica mot mean squared error of the fitted values was 0.206,
and the maximum absolute error was 0.406.

Although the mean of our predictive process did fairly well, the 95% probability bounds implied
a greater degree of certainty than was warranted. At the 100 test Stes, the predictive standard
error was typically between .06 and .07.

We carry this example a hit further by doing a “predictive factoria analysis,” in which the main
effects and interactions of the design variables am estimated. This information. which exposes
some of the main features of the response surface, is not available directly from me observations,
but can be predicted by considering the 64 sites at the comers of the cube [0, 1J8. Each factorial
effect is a linear combination of the responses at these sites, and therefore has a normal predictive
digtribution whose mean and variance can be caculated in the usua way, using (2.2)-(2.4) to
supply the means, variances, and covariances of the components.

Of the 63 main effects and interactions, those whose magnitude exceeded twice their standard
deviation are given in Table 5.3. Factoria effects here are defined as in Box, Hunter, and Hunter
(1978, Chapter 10). Each is a linear combination of the § values at the 64 comers of T, where the
coefficients in each linear combinaion are + 1/32.

Table 5.3. Largest Effects in the Predictive Factorial Anaysis,
After 32 Runs in the Circuit Simulator Experiment.

Effect Mean Std. Dev.

5 0.762 0.023

3 -0.720 0.024

6 -0.672 0.021

2 0.416 0.021

4 0.217 0.025
46 0.189 0.035
36 -0.148 0.020
13 -0.112 0.033
16 -0.098 0.031
34 -0.068 0.028
25 -0.062 0.024
345 0.060 0.028
35 0.058 0.022

24 -0.057 0.032
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Them is clearly a danger of overinterpreting these results, since we are predicting 63 effects from
only 32 data points. However, we think it is useful to consider the largest effects, if only to
suggest ways to plot the response.

Our tentative conclusons hem arc that ¢5 and ¢ arc the most important variables, since they have
strong main effects and occur in the largest interactions, and that ¢5 has a strong effect that
depends only slightly on the other variables. To investigate the effects of these variables in more
detail, we plotted $(z) as a function of #3 and ¢4 with the other variables fixed a 0.5 (Figure 13),
and j(t) as afunction of ¢5 , again with the other variables fixed a 0.5 (Figure 14). In Figure 14,
we also show the upper and lower 95% probability bounds.

In general, we were pleased with our results in this example, especially since no special
assumptions about the form of the response function were made. We expect that further
development of useful correlation functions, particularly those that can exploit simplicities in the
response function like approximate additivity or effect sparsity (Box and Meyer, 1986) will
improve the effectiveness of Bayesian predictive methods in higher dimensions.
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Figure 13. Contours of constant ¥(ts, tg), with
t; =t = t4 = ts = 0.5, after running the circuit
smulation model at 32 sites.
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Figure 14  Predictive mean #(ts) and 95% predictive
probability bounds (¥(ts) + 1.960,p), where
t; =t =ty =ty = tg = 0.5, after running the circuit
smulation model at 32 sites.
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