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ABSTRACT

We describe a model of the nuclear cloud in terms of the vorticity field associated with a buoyant vortex
ring. A series of physical approximations are introduced that lower computational costs and render the
model amenable for operational use. The determination of model parameters from the yield and
emplacement of the weapon is also discussed.

1. INTRODUCTION

During the initial minutes after a nuclear detonation above ground level, the most prominent feature is the
development of a convective cloud, made visible mainly by dust and weapon debris particles and in some
cases water condensation. The ability to predict the characteristics of the nuclear cloud from the weapon
yield and emplacement, as well as the prevailing atmospheric conditions at the time of the burst, is an
important component in descriptions of the distribution of fallout (Foster (1982)) and has a direct impact on
the planning of activities associated with emergency response and the collection of samples for forensic
analysis.

A nuclear detonation above the ground can be approximated by an almost instantaneous release of energy
in a confined volume of air, resulting in a high temperature and low density perturbation of the atmosphere.
This fireball, which is vertically accelerated by buoyancy forces, also entrains air at such a fast rate that
after a short transient its speed of ascent decreases monotonically with time, and the resulting cloud
eventually reaches a stabilization height.

Attempts at describing the nuclear cloud were initiated shortly after the development of nuclear weapons.
In a technical report, Taylor (1945) proposed a model based on the observations and theory by Schmidt
(1941) on the steady convective flows produced by heated wires in a uniform atmosphere. These types of
flows, where there is a continuous release of buoyancy, are commonly called plumes. Schmidt’s description
assumes the flow to be similar along the distance from the source (i.e., the distributions of velocity and
density to have the same shape at all heights, apart from a scale factor). His theory follows the idea of
turbulent mixing as driven by eddies with a characteristic size, the mixing length (Pope (2000)), which he
took to be proportional to the lateral dimension of the plume. Schmidt also used the vertical velocity of the
flow averaged across the plume to define a characteristic velocity, and from its gradient in the horizontal
direction a turbulent viscosity, responsible for the lateral transport of heat and momentum.

Taylor (1945) proposed a simplified description of the plume flow, which lacks the detailed mechanism
proposed by Schmidt, but is easier to extend to nonuniform atmospheres. His description is based on the
assumption that, at a given height, the inflow velocity of the entrained fluid is proportional to a
characteristic velocity at that height. He showed that with this entrainment hypothesis the model results for
the plume flow have the same functional dependencies as Schmidt’s theory, while being simpler to extend
to stratified environments, as it was later done by Morton et al. (1956).

In Taylor’s model for plumes, the steady flow condition leads to the conclusion that, in uniform
atmospheres, the width of the plume (r) at a given height (z)* satisfies

r = αz, (1)

where α is the entrainment parameter. This relation implies that the border of the plume forms a straight
line, with α being the tangent of the angle subtended with the axis of symmetry.

*Vertical distance measured from a virtual, zero-size source.
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Very shortly after a nuclear explosion and the initial deposition of energy, a rarefaction wave propagates to
the interior of the heated volume resulting in the formation of a low density region, which bears similarities
to the initial condition usually assumed for thermals in atmospheric flows (Taylor (1950a,b); Scorer
(1957)).† One important difference between plumes and thermals is that the latter lack the temporal time
scale prescribed by the rate of buoyancy release. To apply the similarity model described above to thermals,
it is necessary to introduce an additional assumption, and Taylor (1945) proposed to take the volume of the
density perturbation to be spherical and the characteristic dimension to be its radius. Although the shape of
the nuclear cloud is usually not spherical, the main requirement in this formulation is that a representative
length scale be chosen so that the ratio of the surface to the volume of the buoyant mass can be described as
the ratio of the square to the cube of that length (Morton et al. (1956); Turner (1986)). Under these
assumptions, relation (1) can again be derived from the equations of motion and in this case is also valid in
stratified environments.‡ Experimentally, thermals have been found to entrain ambient fluid faster than
plumes (larger α) but at a rate that is more sensitive to initial conditions (Turner (1973)). As explained
below, thermals can be described as buoyant vortex rings whose dynamics govern the entrainment process.

Under the Boussinesq approximation (see Section 2), equation (1) can be put in the form of a volume
conservation relation (2), and together with expressions for the conservation of momentum (3) and
buoyancy (4), a system of ordinary differential equations is obtained that describes the evolution of the
cloud, namely its radius r and center height z, with time t, from a given initial condition (Taylor (1945)):

d
dt

(
4
3
πr3

)
= 4παur2, (2)

d
dt

(
r3u

)
=

g
T

(θ − θ0)r3, (3)

d
dt

(
r3θ

)
= 3αr2uθ0, (4)

dz

dt
= u, (5)

where u and θ are the vertical velocity and (excess) potential temperature of the cloud, θ0 is the ambient
potential temperature at the height of the cloud, T is a reference potential temperature, and g is the
acceleration of gravity.

Refinements to this model that include additional effects such as drag forces and turbulence
parameterizations have been developed and form the basis of descriptions, with low computational cost,
used in some operational codes that describe the nuclear cloud (Norment (1979)). Other formulations of
the cloud evolution also based on Schmidt’s ideas were put forward by Sutton (1950), who proposed to
treat the entrainment phenomenon as a diffusion process (Sutton (1947)), and by Machta (1950), who
expressed the entrainment rate as a constant fraction of the volume of the cloud.

There is abundant empirical evidence that instantaneous releases of buoyant fluid tend to develop
recirculating flows akin to those present in vortex rings,§ and Turner (1957) suggested using the

†Thermals are generally considered to be fundamental components in the development of cumuli cloud in the atmosphere
(Pergaud et al. (2009)).

‡In this approach, the initial volume of the fireball or thermal is considered to be negligible in comparison to that of the cloud
at a later time, implying that the initial condition does not introduce a length scale and the radius and height of the cloud have to be
proportional.

§The pictorial evidence from the nuclear tests (Kuran (2006)) also supports this hypothesis.
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Vortex Ring

r

z

θ

Figure 1. Description of a cylindrical coordinate system aligned with the axis of symmetry of the
vortex ring, with z, r and θ the axial, radial and azimuthal coordinates, respectively.

characteristics of this type of flows to describe thermals and buoyant clouds. For an axisymmetric vortex
ring in an infinite fluid of constant density ρ, the impulse can be written (Lamb (1932)¶)

P = πρ
"

S
r2ω dzdr, (6)

where r and z are the radial and axial cylindrical coordinates in a frame of reference aligned with the axis
of symmetry of the ring (Figure 1), ω is the vorticity field, with component only in the azimuthal direction,
θ, and S is an area of a meridional plane containing a cross section of the ring. If we define the ring radius,
R, in terms of the centroid of vorticity according to

R2 =
1
Γ

"
S

r2ω dzdr, (7)

where Γ is the circulation of the ring,

Γ =

"
S
ωdrdz (8)

the impulse can be written

P = πρR2Γ. (9)

This expression shows that, when written in terms of R, P is independent of the distribution of vorticity,
and it only depends on the circulation of the ring. In a similar manner we can define the ring vertical
position in terms of the vorticity centroid by

Z =
1
ΓR2

"
S

r2ω z drdz. (10)

¶The impulse of the flow is defined by Lamb as the total mechanical impulse of the non-conservative body forces required to
generate the motion instantaneously from rest.
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If the density of the ring differs by a small amount, ∆ρ, from the rest of the fluid so that the Boussinesq
approximation is applicable, the buoyancy force acting on the ring changes its impulse according to

dP
dt
= gV∆ρ, (11)

where V is the volume of the ring.

In the case of uniform atmospheres, the experimental evidence indicates that buoyant vortex rings
propagate with approximately constant circulation (Walters and Davidson (1963); Turner (1973); Zhao
et al. (2013)). This is understood to be caused by the rapid growth of the radius of the ring, which
counterbalances the diffusion of vorticity towards its axis, where vorticity cancellation could occur (Turner
(1957); Maxworthy (1972)). Assuming Γ to be constant and using (9), we then have

πρΓ
dR2

dt
= gV∆ρ, (12)

which gives

dR
dt
=

B
2πΓ

1
R
, (13)

with B the buoyant content of the ring defined by

B =
gV∆ρ
ρ

. (14)

Relation (13) shows that the entrainment process is directly linked to the buoyant content of the ring.
Whereas the turbulent character of the flow will be partly responsible for the mixing with ambient fluid, it
has been shown that, in contrast to plumes, most of the contribution to the entrainment rate in thermals is
due to the pressure changes associated to the radial growth governed by the buoyant character of the vortex
ring (Lecoanet and Jeevanjee (2019)).

In general terms, vortex rings propagate along their axis with a self-induced velocity that can be written in
the form

dZ
dt
=
Γ

R
F (ω), (15)

with F (ω) a function of the vorticity distribution (Saffman (1992)). Combining (13) and (15) yields

α =
dR
dt

(
dZ
dt

)−1

=
B

2πΓ2

1
F (ω)

, (16)

which provides a link between the entrainment parameter used in the description of thermals and the
properties of buoyant vortex rings. In the the case of stratified environments, density gradients will
typically exist between the mass of fluid moving with the ring and its environment, and in stable
atmospheres this density difference will result in the generation of vorticity with opposite sign to that in the
ring (Advaith et al. (2017); Shaw and McHugh (2019); Orlandi and Carnevale (2020)). This process will be
particularly intense around temperature inversions, and (16) illustrates that this reduction in the overall
circulation of the ring will have an effect on its rate of radial growth (Turner (1960); Meng (1978)).

4



Although (16) shows that the rate of entrainment of buoyant vortex rings can change if either the
circulation or the buoyant content vary, in systems where the baroclinic generation of vorticity due to
density gradients is the sole source of circulation, the two will be related. For simple geometries, like a
spherical bubble, it is possible to describe the formation of the ring in terms of nondimensional quantities
(Walters and Davidson (1962, 1963)) and thus obtain values of the entrainment parameter that are
independent of the scale of the system. That would be approximately the case for a nuclear burst occurring
in the air and away from the ground, where the fireball is likely to be almost spherical and to evolve in a
manner similar to a low density bubble. In other configurations, the interaction of the fireball with its
surroundings will make its shape different from spherical, and additional sources of vorticity could also be
present, such as those resulting from the interaction with shock waves reflected from nearby structures. All
these factors will have an effect on the circulation and vorticity distribution in the ring (Moresco et al.
(2014); Lai et al. (2015)), making the entrainment parameter dependent on the emplacement of the weapon.

The association of buoyant vortex rings with thermals provides a physical basis for the entrainment
hypothesis that still has not been fully exploited (Lecoanet and Jeevanjee (2019)). The possibility of using
(16) to determine the entrainment parameter in terms of the physical properties of a particular configuration
would render the model (2)–(5) more robust and extend its applicability to a wider range of scenarios.
Although the simplicity of this system is attractive from a computational perspective, this approach is
based on an integral description of the cloud, without resolving its internal structure. This can be a
shortcoming, such as when describing the interaction of a condensed phase with the cloud, which has
important consequences in the final distribution of fallout particles. The intention here is to make further
use of the properties of buoyant vortex rings to develop a model that provides a description of the nuclear
cloud with greater physical detail, while keeping computational costs commensurate with those of models
based on Taylor’s description.

While the ability to resolve the evolution of the nuclear cloud without recourse to ad hoc parameterizations
and restrictive physical approximations is a naturally desirable aim, obtaining solutions of the general
equations of motion for the wide range of scales involved still requires high end computers and the use of
parallelization and adaptive mesh refinement techniques. Although the dimensions of the cloud are
commensurate with those of atmospheric flows at the convective/meso scales, many of the approximations
on which models of the atmosphere are based are not compatible with the type of perturbation that a
nuclear explosion introduces. For example, the large variations in characteristic Mach numbers during
cloud rise often make it necessary to use separate compressible and incompressible solvers at different
stages of the computations (Kanarska et al. (2009)). These additional restrictions on the numerical
techniques lead to further difficulties, such as limits in the size of the time steps in the calculations and
excessive numerical dissipation (Thornber et al. (2008)). Progress has been made in recent years in the
development of solvers with good characteristics for a wide range of compressibility conditions (Munz
et al. (2020)), but difficulties remain and this approach is still restricted to research environments, with
limited use in operational settings.

The main purpose of this work is to develop a formulation of the nuclear cloud that is intermediate in
computational cost to the models based on the entrainment paradigm and those involving a full solution of
the equations of motion. Our approach selects a series of approximations that reduces the complexity of the
model while maintaining the ability to resolve some of the features of interest. As a result we obtain a
description that is suitable for implementation in the type of computer platforms routinely used in
operational settings, while providing results within time frames compatible with activities such as
emergency response and the collection of samples for forensic analysis.
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Our central assumption is that during most of the cloud evolution the main features of the flow can be
described in terms of a buoyant vortex ring. This approximation introduces a set of constraints (Shariff and
Leonard (1992)) that reduces the number of degrees of freedom of the system and lowers computational
costs in comparison to the determination of a general solution of the equations of motion. The use of a
vortex ring model to describe atmospheric thermals was pioneered by Levine (1959), who assumed that the
vorticity distribution corresponded to that of the so called Hill’s vortex (Hill (1894)). In that case, the
vorticity is uniform and contained in a spherical region that coincides with the volume of fluid moving with
the ring.∥ Levine (1959) ignored the entrainment process and radial growth of the ring, although this
limitation was later remediated by Turner (1964). In contrast to the characteristics of Hill’s vortex, the
records from nuclear tests show that the vorticity in the ring tends to be contained in a torus with a cross
section that is small compared to the ring radius, suggesting that a description based on the assumption of a
ring with concentrated vorticity (Lamb (1932)) would be more suitable in this case, and this is the premise
we follow here.

To further reduce computational costs, we employ a description of the ring flow based on the vorticity field,
making it possible to focus computational resources into the small regions where most of the vorticity is
located. We adopt a discretization in terms of vortex elements that reduces the equations describing the
evolution of the vorticity field to a set of ordinary differential equations, thus introducing additional
numerical advantages. We also assume that the vortex ring remains axisymmetric and swirl free at all
times. Despite of this restriction, by combining the velocity field induced by the ring to that of the
atmospheric winds it is possible to obtain a 3D velocity distribution that approximates the transport by the
nuclear cloud of scalar quantities, such as water vapor mixing ratio and potential temperature, as well as a
condensed phase, such as a Lagrangian particle representation of fallout. The combination of these
approximations and the numerical approaches described below results in a scheme that has moderate
computational requirements but is still able to resolve important features of fallout formation and transport,
such as the distribution of particles with different characteristics throughout the cloud and the effects of
water condensation and the release of latent heat on the evolution of the cloud.

The approximations in the model and details of its implementation are described below. In Section 2 we
summarize the main components of buoyant vortex rings in stratified environments from the point of view
of the vorticity field, namely the core of the ring and the vortex sheet resulting from the density gradients
between the ring and the surrounding atmosphere. In Section 3 we describe the use of a vortex method to
discretize the vorticity field and reduce the dimension of the problem. The determination of the parameters
in the model from the yield and emplacement of a nuclear weapon are discussed in Section 4, where we
also include example calculations and comparisons with measurements taken from nuclear test records.
The approximations on which the model is based and directions for further development are discussed in
the Conclusions.

∥Hill’s (1894) model is many times adopted to describe vortex rings, irrespectively of the vorticity distribution, because of the
availability of an analytical expression for the stream function, which reduces the cost of the computations.
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2. VORTICITY DESCRIPTION

Under the assumption that the flow is axisymmetric and in a cylindrical frame of reference moving with the
ring, the only non-zero component of the vorticity field is in the azimuthal direction, and it is possible to
define a Stokes stream function (Lamb (1932)) with streamlines having the characteristics shown in Figure
2. In nuclear clouds, most of the vorticity tends to be concentrated in an annulus or core of the ring, while
there is also a volume of mainly irrotational fluid moving with it that we will call the bubble. In this frame
of reference, the surface of the bubble corresponds to the zero streamline.**.

Bubble

Vortex reference frame

Core

Vorticity

Streamline

Direction of

Propagation

Figure 2. Schematic of the flow streamlines in a frame of reference moving with the vortex ring. The
vorticity in the core is in the direction perpendicular to the plane of the figure.

The vorticity in the core is generated during the formation of the ring and its total amount (circulation) and
spatial distribution depend on the details of the formation process. In the case of nuclear clouds the density
gradients between the fireball and the air around it drive the production of vorticity by the baroclinic
mechanism (Batchelor (1967)), which in turn causes the “roll-up” of the fireball into a vortex ring.
Depending on the emplacement of the weapon, the core of the ring will contain part or all of the high
temperature and low density gases generated during the energy release (Figure 3).

g

Fireball
Vortex ring

∇Density

Core

Figure 3. Depiction of the evolution of the fireball (a), through the roll-up processes driven by
buoyancy (b) into a vortex ring (c).

**For an unsteady ring the shape of the dividing streamline depends on which definition of vorticity centroid is adopted.
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Relations (6)–(14) derived for buoyant vortex rings in the Introduction, also apply to the case where the
buoyant fluid is restricted to the core of the ring. In this case, the temporal radial growth of the core as
described by (13) results in a change in the shape and volume of the bubble. This entrainment of
environmental fluid makes the density of the bubble dependent on that of the atmosphere around it, and in
stratified environments, this causes non-zero density gradients between the bubble and the surrounding air.
A similar process has been studied in the context of aircraft wakes, where the vorticity distribution is
approximated by a vortex pair instead of a ring (Crow (1970); Scorer and Davenport (1970); Spalart
(1996); Garten et al. (1998)). Research on aircraft wakes has shown that the vorticity distribution generated
as a result of the density gradient between the bubble and its environment is well described by a vortex
sheet (Hill (1975); Scorer and Davenport (1970)), which is a surface the tangential velocity is
discontinuous across (Batchelor (1967)).

Core

z

r

S

A

Vortex Sheet

ρb

ρa

g

Figure 4. Main components of the vorticity distribution in the vortex ring: the core and vortex sheet.

In our model of the nuclear cloud we will also describe the vorticity generated around the envelope of the
ring in terms of a vortex sheet, as shown schematically in Figure 4. We approximate the surface of the
bubble as the interface between two immiscible fluids with different densities, which are taken to be
uniform inside the bubble (ρb) and in the atmosphere around it (ρa). This approximation substantially
reduces the computational complexity and is valid under the assumptions that the entrained air is well
mixed with that of the bubble and that environmental stratification scales are large in relation to the ring
dimensions.

The model proposed assumes that the main characteristics of the evolution of the nuclear cloud can be
described in terms of these two components: the core of the ring and the vorticity sheet, thus neglecting
other sources of vorticity in the flow. Those two regions are where most of the vorticity is concentrated,
suggesting that a description in terms of the vorticity field can result in an efficient numerical scheme, with
the computation of the velocity field being performed only in the regions of interest, such as at the location
of particles representing the condensed phase.
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2.1 VORTICITY FIELD

In general terms, a smooth velocity field can be written as the sum of a solenoidal component, determined
by the vorticity distribution; an irrotational field, which is a function of the local rate of expansion; and a
field that is both solenoidal and irrotational and is determined by the boundary conditions (Batchelor
(1950)). In this model we will ignore the second contribution, and we will consider only simple geometries
and boundary conditions, resulting in a velocity field that can be determined solely by a localized vorticity
distribution. In this context, mass conservation can be imposed by requiring a solenoidal velocity field,
usually called an incompressible flow approximation, which results in substantial reductions in
computational costs.

For convective flows, the incompressibility condition is associated with the so-called Boussinesq or
shallow convection regimes (Batchelor (1953); Spiegel and Veronis (1959); Ogura and Phillips (1962);
Dutton and Fichtl (1969); Turner (1973); Gray and Giorgini (1976)). The following conditions are
necessary for this approximation:

1. Density and pressure fields can be expressed as small perturbations of a steady state.

2. The fluid motion is confined to a layer of thickness much smaller than the smallest of the scale
heights associated to the base state (for example, typically 8 km for the density scale height).

3. The time scale of the flow is of the order of the Brunt–Väisälä time scale (approximately of the order
of 100 seconds).

4. The effects of pressure perturbations on the buoyancy force are neglected (as shown by Mahrt
(1986), this is equivalent to requiring Froude numbers smaller than one).

In simple terms, the Boussinesq approximation includes the effects of density perturbations only in the
buoyancy force term, neglecting their influence on the inertial terms. As a result, in this approach vorticity
is only generated baroclinically, and additional sources due to the interaction of density variations with the
flow acceleration are not included (Shirgaonkar and Lele (2006)). It has been shown that, even when the
scales of the motion are not small and condition 2 is not strictly satisfied, satisfactory descriptions of the
evolution of convective flows can be obtained by describing the fluid in terms of potential densities
(Spiegel and Veronis (1959); Turner (1973); Yih (1965)).

It is clear that these assumptions are incompatible with the characteristics of nuclear clouds, where the
initial temperature differences and pressure fluctuations are substantial. Although the restriction on the
scale of the motion (condition 2) could be relaxed by using, for example, a full anelastic approximation
(Lipps and Hemler (1982); Won and Lee (2020)), the regimes of validity implied by the other restrictions
still will not be met during part of the cloud evolution.

With the aim of obtaining a model that captures the large scale motions in the cloud while keeping
computational cost low, we do not look for a solution of the general equations of motion but follow a
different approach. Here we will not consider the initial evolution of the density perturbation into a vortex
ring, where compressibility effects are important, but instead we take the ring as the initial condition. The
trajectory of the core will not be calculated by taking into account the local effects of buoyancy forces and
solving the equations of motion directly, but instead it will be based on the assumption that it remains an
axisymmetric vortical structure with a circular cross section that can be represented by a buoyant vortex
tube. As explained below, and corroborated by the experimental observation of the constancy of the ring
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circulation, the description of the core in terms of integral quantities such as its buoyant content gives a
good description of its evolution.

In the case of the bubble, and because of the rapid entrainment of ambient air, the density differences
between the fluid in its interior and around it will be small and commensurate with those occurring
naturally in the atmosphere. Assuming that pressure equilibration between the ring and the atmosphere
occurs at a faster time scale than that associated to the motion of the ring, the Boussinesq conditions will
apply locally at the interface between the bubble and its environment and will be used to compute the
evolution of the vortex sheet.

For the nuclear cloud as a whole the errors incurred by assuming the Boussinesq approximation can be
expected to increase with the yield of the weapon and will stem from violations of the constraints
associated with the perturbation of the base steady field and the temporal and spatial scales of the motion.
The model adopted here is then intended primarily for nuclear clouds originating in bursts with yields in
the kiloton range, where the cloud will tend to be confined to the troposphere. In explosions of higher
energy, vortex rings are known to remain the dominant feature, but compressibility effects will play an
increasing role beyond the initial ring formation period (Moore (1985); Baird (1987)).

If L is the characteristic length of the flow and ν the kinematic viscosity of the fluid, the characteristic time
for viscous diffusion will be of the order of L/ν2. In the case of nuclear clouds, this ratio is much larger
than the characteristic time of the flow evolution, and an inviscid approximation in terms of Euler’s
equations is valid (Liepmann and Roshko (1985)). These conditions can also be described as a high
Reynolds number regime (Batchelor (1967)). For an incompressible isentropic flow, satisfying the ideal gas
equation of state, the equations of motion can be written (Turner (1973)):

∂ρ

∂t
+ u · ∇ρ = 0, (17)

ρ
Du

Dt
= ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p + ρ g, (18)

∇ · u = 0, (19)

where p is the pressure, u is the velocity, ρ is the potential density, g is the gravitational acceleration, and t
represents time. The potential density is defined from the standard density (ρ∗) by means of the Exner
function Π

ρ = ρ∗Π, Π =

(
p
p0

)Rg/cp

, (20)

where p0 is a reference pressure, Rg is the gas constant, and cp is the specific heat capacity at a constant
pressure. ††

We will limit ourselves to the case when the flow is at rest at infinity and contained in a half-space limited
by a flat boundary, where we impose the condition

u · n = 0, (21)

where n is the normal to the boundary. By imposing only this boundary condition we are neglecting the
development of boundary layers and the associated sources of vorticity.

††In the examples discussed in Section 4.3 p0 was taken as the pressure at the height of burst.
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Taking the curl of (18) we obtain an equation for the vorticity ω,

Dω

Dt
= −∇ ×

(
1
ρ
∇p

)
, (22)

where we have omitted the so called vortex stretching term (ω · ∇u) because of the axisymmetry of our
configuration. The right hand side of (22) represents the baroclinic generation of vorticity at a rate
proportional to the local gradients of pressure and density. For buoyant vortex rings, this mechanism is
important in the vicinity of the core and the surface of the bubble.

In our model we assume that the circulation of the core remains constant and given by the initial
conditions, and we only compute the sources of vorticity associated with the surface of the bubble, where
the density gradients can be considered to be small and the Boussinesq applicable. In a frame of reference
moving with the ring, we will then assume that p and ρ outside the core can be decomposed into reference
states, described by p̄ and ρ̄, plus perturbations p′ and ρ′,

p = p̄ + ηp′, (23)

ρ = ρ̄ + ηρ′, (24)

with |η| ≪ 1. Taking the reference state to be in (irrotational) hydrostatic equilibrium,

∇ p̄ = ρ̄g, (25)

to order η we can write

Dω

Dt
=
∇ρ′

ρ̄
× g +

1
ρ̄2 ∇ρ̄ × ∇p′. (26)

As shown by Ogura and Phillips (1962) and Lipps and Hemler (1982), ∇p′ is a factor η smaller than ρ′ and
the second term on the right hand side can be neglected to order η giving

Dω

Dt
=
∇ρ′

ρ̄
× g. (27)

2.2 VORTEX SHEET EVOLUTION

Vortex sheets are an idealization used to describe a variety of inviscid flows, such as shear and mixing
layers, where the vorticity distribution is approximated by a surface, to which the vorticity vector is
tangent. They can arise in homogeneous fluids as the wake of obstacles with a sharp trailing edge (Prandtl
and Tietjens (1934)) or at the interface between two immiscible fluids with different densities, where
vorticity is generated by the baroclinic mechanism (Sohn (2004)).

The vortex sheet is characterized by the continuity of the normal component of the velocity vector and a
jump in the tangential component. If u1 and u2 represent the velocity vectors at each side of the sheet,
these conditions are

u1 · ñ = u2 · ñ, (28)

and

γ = (u1 − u2) × ñ, (29)
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Figure 5. Parameterization of an axisymmetric vortex sheet separating fluids with densities ρ1 and
ρ2.

where ñ is the normal to the sheet. The magnitude of the vector γ is called the strength of the sheet and in
the axisymmetric case is equal to the jump in tangential velocity

γ = |γ | = (u1 − u2) · t̃, (30)

where t̃ is the tangent to the sheet (Pozrikidis (2000)).

In terms of the vorticity field ω we can also write

ω(r, t) = γ(r(t))δ(ñ), (31)

where ñ = |ñ(t)| and δ(·) is the Dirac delta function.

Vortex sheets are subject to the Kelvin–Helmholtz instability (Saffman and Baker (1979); Meiron et al.
(1982)) and following their detailed evolution for long periods of time is computationally expensive
because of the many spatial scales involved. Instead, our aim here is to resolve the sheet qualitatively,
putting an emphasis in capturing the rate of production of vorticity on the surface of the bubble as this will
impact the total circulation and stability of the ring.

Computing the evolution of a vortex sheet separating two fluids with different densities requires calculating
at each point on the sheet the velocity induced by the rest of the sheet and the variation in the strength with
time. In the axisymmetric case, the sheet can be described as a curve C = r(ξ) on a meridional plane and
parameterized in terms of a scalar ξ (Figure 5). The velocity at point r generated by the sheet can then be
expressed as (Kaneda (1990); Caflisch and Li (1992))

us(r, t) =
1

4π
PV

∫
C

γ(r(ξ, t)) ×
r(t) − r(ξ, t)
|r(t) − r(ξ, t)|3

dξ, (32)

where PV denotes principal value and the integrals are taken over the length of the sheet.

In the Boussinesq limit and taking the fluid densities on each side of the sheet to correspond to ρ̄ and ρ̄+ ρ′,
with |ρ′| ≪ ρ̄, the analysis in the previous section in combination with (31) shows that the strength at a
point r on the sheet satisfies (Baker et al. (1982); Sohn (2004); Chang and Llewellyn Smith (2020))

Dγ
Dt
=
ρ′

ρ̄
g · t̃. (33)
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In this model of the vortex ring, the motion of the sheet is determined by contributions from the
self-induced velocity obtained by applying (32) to points on the sheet, plus an additional contribution from
the core of the vortex ring. As shown schematically in Figure 4, as a result of the radial growth of the core
and the entrainment process, the vorticity generated on the surface of the bubble tends to be entrained into
the ring, resulting in a sheet with a complex structure. Describing this process in full detail is beyond the
level of fidelity of this model; our main objective here is to approximate the rate of production of vorticity
due to atmospheric stratification and it will then be assumed that vorticity is generated only on the most
external section of the sheet, approximately along the length between the points S and A in Figure 4.

2.3 CORE DESCRIPTION

The core of the vortex ring is where most of the vorticity is initially concentrated, and it is the main driver
of the flow during the majority of the cloud evolution. During the roll-up phase of the fireball, its surface
evolves into a toroidal shape for which the net production of vorticity by the baroclinic mechanism is zero
(Figure 3(b)). Although from this point the circulation in the core remains approximately constant,
vorticity of both signs continues to be produced at different points of its interface with the bubble and, as
described below, this drives the radial growth of the ring.

As shown schematically in Figure 6, the variation in direction of the density gradients at different points on
the surface of the core (c.f., ∇ρ1 and ∇ρ2) results in the production of vorticity of opposite signs along the
exterior and interior (closer to the axis of symmetry) surfaces of the core. This constant production and
destruction of vorticity causes a displacement of the vorticity centroid toward larger radii and the increase
in volume of the bubble, leading to the entrainment of ambient fluid (Zhao et al. (2013); McKim et al.
(2020)). An alternative way of understanding this process is by following a fluid particle as it moves along
the surface of the core from the point P in Figure 6. Its velocity of motion would be of the order of Γc/ϵ,
where Γc is the core circulation and ϵ the distance from the centroid of vorticity. The particle will first
experience an increase in its circulation followed by a decrease, as it moves along the zones of production
and destruction of vorticity. This will result in a local excess of vorticity ∆Γc around the upstream (rear)
part of the core, as indicated in Figure 6, which will induce a radial velocity on the vorticity centroid of the
order of ∆Γc/ϵ. According to (22), the magnitude of ∆Γc produced baroclinicly will be proportional to the
density gradient between the core and the bubble (i.e., the buoyant content of the core) and inversely
proportional to its circulation, because the larger the circulation the more rapidly the fluid moves around
the boundary. If rc and zc are the radial and axial coordinates of the vorticity centroid and using (15)

drc

dzc
=

drc

dt
dt
dzc
∼
∆Γc

ϵ

rc

Γc
∼

Bc

Γ2
c
, (34)

with

Bc = Vc
ρc − ρb

ρb
g, (35)

where Bc is the buoyant content and Vc the volume of the core, respectively. This relation is equivalent to
(16) applied to the core of the ring but now obtained by taking into account the details of the vorticity
generation mechanism.

We will assume that the density of the bubble can be written ρ̄b + ∆ρb, where ρ̄b is the initial value and ∆ρb

accounts for the changes during the entrainment process due to the stratification of the atmosphere. If we
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take those changes to be small in comparison to the density gradient between the core and the bubble,∣∣∣∣∣ ∆ρb

ρc − ρ̄b

∣∣∣∣∣ ≪ 1, (36)

the buoyant content of the core will remain approximately constant during the evolution of the ring.

Vorticity

Production

Vorticity

Vorticity

Centroid

Destruction

Maximum

Vorticity

g

∇ρ1

∇ρ2

ǫ

P
Symmetry

axis

Figure 6. Schematic representation of the variations in baroclinic production of vorticity around the
surface of the core.

Given the large density gradients and flow velocities in the proximity of the core, the Boussinesq or
anelastic approximations are not applicable, and resolving the flow in detail, including changes in the
distribution of vorticity, is beyond the level of detail of the model presented here. Instead we describe the
core by means of an axisymmetric vortex tube (Batchelor (1967)) subject to a buoyancy force. By this
approximation we are neglecting details of the core evolution, such as rapid oscillations around the mean
motion, which have been shown to be higher order perturbations to the trajectory obtained from the type of
model adopted here (Moffat and Moore (1978); Pozrikidis (1986); Lundgren and Mansour (1991)). Here
the effects of the vorticity distribution on the dynamics of the core will be taken into account by selecting
the function F (ω) in the expression for the self-induced velocity (15). We will further assume that the
cross section of the core is circular with radius ϵ, which will be taken to be small compared to the radius of
the ring.

Lundgren and Mansour (1991) proposed a model of a slender (thin core) buoyant vortex tube, in which the
radial (u) and axial (v) velocity components in a frame of reference moving with the velocity given by (15)
satisfy

Vc
dv
dt
= −2πrcΓcu + Bc. (37)

The first term on the right hand side of this relation corresponds to the contribution of the Kutta–Joukowski
force, a form of lift resulting from the circulation in the core and the flow around it (Widnall and Bliss
(1971)). It is possible also to add a drag force component to this equation, but given the high Reynolds
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number of the flow, it can be expected to be a small contribution (Gan et al. (2012)), and it will be
neglected here.*

Ignoring inertial forces, (37) reduces to

2πrcΓcu = 2πrcΓc
drc

dt
= Bc, (38)

which when rearranged gives

drc

dt
=

Bc

2πΓc

1
rc
, (39)

and agrees with (13). This is equivalent to making a quasi-steady approximation, where it is assumed that
the instantaneous forces are equivalent to those for steady motion at the same instantaneous velocity and
radius. Based on this buoyant vortex filament description, Lundgren and Mansour (1991) explained the
radial growth of the ring as required to balance the upward buoyancy force with a downward lift.

For a non-buoyant ring in steady motion with a thin core, the self-induced velocity of propagation of the
ring can be written as (Tung and Ting (1967))

dzc

dt
=
Γc

rc
f (ϵ/rc), (40)

and expressions for f (ϵ/rc) have been obtained as expansions in (ϵ/rc) for specific vorticity distributions.
In general, the self-induced velocity of propagation of the core can be written in the form (Hicks (1884);
Lamb (1932); Saffman (1970); Fukumoto and Moffatt (2008); Meleshko et al. (2012))

dzc

dt
=
Γc

4πrc

[
ln

8rc

ϵ
+ A −

1
2
+ o

(
ϵ

rc

)]
, (41)

with A = 1/4 in the case of uniform vorticity (ω/r constant) and A = 0 for a hollow vortex. Here we will
assume the distribution of vorticity in the core to be uniform. Continuous descriptions of the family of
vortex rings with vorticity distributions ranging from the thin core limit to Hill’s vortex model are also
available (Fraenkel (1970, 1972); Norbury (1973), but their use here would increase the computational
costs and not enough experimental data are currently available to validate their applicability to the nuclear
cloud. In the case of buoyant vortex rings, the motion is not steady, but we will assume that an expression
of the form (41) applies instantaneously and we will take the slender ring approximation to be valid
throughout the evolution of the cloud, even if at early time the ratio ϵ/rc could be of order one.

To fully describe the dynamics of the core, (39) and (41) need to be combined with an equation for the core
radius ϵ, which will also permit the calculation of the bubble boundary for the computation of the vortex
sheet. When describing the evolution of the vortex ring in a stratified medium, the mutual interaction
between the vortex sheet and the core need to be taken into account, which will result in additional
contributions to the velocity field that each of these components will experience.

*In other models of the nuclear cloud the drag force is needed to represent the differences in flow characteristics between a vortex
ring and a buoyant fluid parcel (Morrison and Peters (2018)). Since our model is based on a vortex ring description explicitly, it is
not necessary to include this additional force contribution.
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3. VORTEX METHOD

In fluid systems that can be described in terms of localized regions of vorticity surrounded by potential
flow, vortex methods are techniques that solve the equations of motion by using a discretization of the
vorticity field. In this approach, the original partial differential equations are replaced by a finite set of
ordinary differential equations describing the trajectories of individual vortex elements. For high Reynolds
number flows, this Lagrangian approach offers a grid-less description that avoids problems such as
numerical diffusion and the need to resolve convective derivatives, characteristic of Eulerian schemes
(Leonard (1980)). The velocity field generated by vortex methods has been proven to converge to the real
velocity field of an incompressible and inviscid fluid when there are no boundaries and the vorticity is
localized (has compact support) (Hald and Prete (1978); Hald (1979); Beale and Majda (1982a,b)).†
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Figure 7. Discretization of the vortex sheet on the surface of the bubble by vortex elements. The
figure corresponds to a section of the sheet in a meridional plane of the vortex ring.

Here we will use a discrete vortex approximation to describe the vortex sheet that develops on the surface
of the bubble of the vortex ring in a stratified medium. Rosenhead (1931) was the first to propose the
computation of the motion of vortex sheets in 2D flows by means of a discretization in terms of point
vortices, each containing the circulation corresponding to a segment of the sheet. The equivalent
description in 3D axisymmetric flows can be carried out using coaxial circular vortex filaments as vortex
elements (Acton (1980); Nitsche (2001)). Through this discretization, the vortex elements are considered
to be an approximation to the vortex sheet, which can then be reconstructed by an interpolation procedure,
as shown schematically on a meridional plane in Figure 7 (c.f., Figure 4), and the velocity induced by the
whole sheet is then obtained from the sum of the contributions of each vortex element. This method can be
interpreted also as a trapezoidal quadrature scheme for the principal value of the integral in (32), with one
vortex element associated with each interval of the sheet.

†Extensions of the vortex methods to compressible (Sod (1991); Nitsche and Strickland (2002); Eldredge et al. (2002)) and
viscous (Chorin (1973); Baden and Puckett (1990)) flows have also been developed.
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Figure 8. Cylindrical coordinate system used in the description of the stream function corresponding
to a circular vortex filament.

For a circular vortex filament in an infinite domain, it is possible to define a Stokes stream function, from
which the components of the velocity can be obtained by differentiation. We will use cylindrical
coordinates (r, θ, z), with z denoting the position along the axis of symmetry, r denoting the radial, and θ the
azimuthal coordinates (Figure 8). On a meridional plane, then the Stokes stream function at a point (z̃, r̃)
due to a filament with circulation Γ̃, radius r′ and center axial coordinate z′ is given by (Lamb (1932))

ψ(z̃, r̃ ; z′, r′, Γ̃) =
Γ̃

4π

∫ 2π

0

r̃r′ cos θ
[(z̃ − z′)2 + r̃2 + r′2 − 2r̃r′ cos θ]1/2 dθ, (42)

and the velocity has radial (u) and axial (v) components:

u = −
1
r̃
∂ψ

∂z̃
, v =

1
r̃
∂ψ

∂r̃
. (43)

Relation (42) can also be written as (Lamb (1932))

ψ(z̃, r̃ ; z′, r′, Γ̃) =
Γ̃

2π
(R1 + R2)[F(λ) − E(λ)], (44)

where λ = (R2 − R1)/(R2 + R1), R2
1 = (z̃ − z′)2 + (r̃ − r′)2, R2

2 = (z̃ − z′)2 + (r̃ + r′)2, and F(λ) and E(λ) are
the complete elliptic integrals of the first and second kind, respectively. This second expression for ψ is
more convenient from a numerical perspective because approximations to F and E are readily available,
such as in terms of series of Chebyshev polynomials (Cody (1965)).‡

The early application of vortex methods to the evolution of vortex sheets revealed the appearance of a
singularity in finite time at which the curvature diverges (Moore (1979)). This has been associated to the
fact that vortex sheets are a mathematical idealization of real flows and to the singularity in the integrand in
(32) for points on the sheet. Chorin and Bernard (1973) showed that it is possible to compute the motion
using vortex methods past the singularity formation by introducing a smoothing parameter into the
governing equations to regularize the flow. When this approach is followed in two dimensions, the vortex
elements are usually called vortex blobs (Leonard (1980)).

‡The derivatives in (43) can also be expressed in terms of the complete elliptic integrals F(λ) and E(λ) (Nitsche and Krasny
(1994)).
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The approaches that have been proposed to introduce a desingularization of vortex sheets may be divided
roughly into two classes: those that seek to incorporate physical aspects, such as the finite thickness of the
sheet (Baker and Shelley (1990)), and those driven solely by numerical considerations (Krasny (1986a)).
The latter approach is usually more economical from the computational standpoint and will be followed
here, although in this case it is not possible to link the regularization parameter to spatial dimensions of the
sheet.

In the most common vortex sheet regularization, the singular Biot–Savart kernel in (42) is replaced by its
convolution with an algebraically decaying smooth function. Following this approach, Krasny (1986a,b)
proposed the following expression for the stream function:

ψ(z̃, r̃ ; z′, r′, Γ̃) =
Γ̃

4π

∫ 2π

0

r̃r′ cos θ[
(z̃ − z′)2 + r̃2 + r′2 − 2r̃r′ cos θ + δ2]1/2 dθ, (45)

where δ plays the role of a smoothing parameter. Later Tryggvason et al. (1991) showed numerically that,
for vortex sheets approximated by vortex blobs, in the limit δ→0 the regularized solution is the same as
that corresponding to the Navier–Stokes equations when the Reynolds number tends toward infinity.
Numerical studies have also shown that decreasing δ results in a more detailed sheet structure, but at the
same time, there is an increased chance that round-off errors will trigger instabilities (Krasny (1986a,b,
1987, 1991). In general, for good convergence, the recommended practice is to use values of δ that are
larger than the separation between vortex elements, although more sophisticated approaches have also been
developed (Cotett et al. (2000)).

We can use relation (33) to calculate the evolution of the circulation corresponding to a section of the
vortex sheet, which will be the circulation associated to a vortex element. We will assume that the potential
density of the bubble can be written as ρa + ρ

′
b, where ρa is the density of the air around the ring and |ρ′b/ρa|

is small. If the end points of the section of the sheet associated to vortex element i have axial coordinates zL
i

and zR
i (Figure 7) corresponding to values of the sheet parameter ξL

i and ξR
i , respectively, integration of (33)

gives the following for the circulation of the element (Γi),

DΓi

Dt
=

D
Dt

∫ ξR
i

ξL
i

γ(r(ξ), t) dξ =
ρ′b
ρa

∫ ξR
i

ξL
i

g · t̃(ξ) dξ = g
ρ′b
ρa

(zR
i − zL

i ), (46)

with g = |g|.

In our model we are mainly interested in resolving the rate of vorticity production, which mostly occurs in
the portion of the sheet delimited by S (the stagnation point) and A in Figure 7. As a result of the velocity
field induced on the sheet by the core of the ring, the vortex elements in this region move as indicated by
the arrow, which results in the section of the sheet between S and A being continuously stretched. In vortex
methods, the accuracy with which the discretization represents the sheet depends on the density (number
and separation) of the vortex elements. Several methodologies with different levels of sophistication have
been proposed to determine distributions of vortex elements that maintain the desired level of accuracy as
the characteristics of the sheet change with time (Fink and Soh (1978); Meng (1978); DeVoria and Mohseni
(2018)). Applying those techniques usually requires periodically computing a smooth approximation to the
sheet from the vortex elements, for example by means of a cubic spline, and defining a new set of vortex
elements with the desired properties. To avoid this computational cost, here we impose an approximately
uniform distribution of vortex elements only in the region of the vortex sheet where vorticity is generated,
and this density is maintained by periodically adding new vortex elements between S and the first existing
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element along the sheet T (Figure 7).§ As those elements are transported into the interior of the bubble no
further attempt is made to keep them in a uniform distribution, which results in a progressive deterioration
of the accuracy of the approximation. Despite this loss of resolution, this approach has been shown to give
a satisfactory description of the qualitative aspects of the sheet evolution also in other types of flows (Meng
and Thomson (1978)), including mixing (Ashurst (1988)) and shear (Grabowski and Telste (1978)) layers.

The calculation of the variation of the circulation of a given vortex element according to (46) requires
assigning to it a section of the curve representing the vortex sheet on a meridional plane. To avoid the
numerical cost of interpolation procedures, we follow the approach by Meng (1978)), where the curve is
represented by a polygonal chain and the variation of the element circulation is computed as half of that
obtained when the integral (46) is applied to the segment defined by the two vortex elements adjacent to the
element of interest. In terms of Figure 7, the expression for vortex element i in terms of elements i−1 and
i+1 is given by

DΓi

Dt
= g

ρ′b
ρa

(zi+1 − zi−1)
2

. (47)

The variation in time of the circulation of the whole vortex sheet can then be written

DΓb

Dt
=

∑
i=S ...A

DΓi

Dt
, (48)

where the sum includes only those vortex elements contained in the section of the sheet between the points
S and A where vorticity is generated.

The velocity induced by the sheet at a point r̃ = (z̃, r̃) can be computed by means of the stream function for
the whole sheet (ψs(z̃, r̃, t)), which in turn can be written as the superposition of the stream functions for
each vortex element,

ψs(z̃, r̃, t) =
N∑
i

ψ(z̃, r̃ ; zi, ri,Γi), (49)

where (zi, ri) are the coordinates of element i, ψ(z̃, r̃ ; zi, ri,Γi) is obtained from (45), and N is the number of
elements representing the sheet. In combination with (43), this results in a discrete approximation to (32).

To describe the core of the vortex ring we also use a circular vortex filament with constant circulation Γc

and a regularization parameter δ chosen to give a self-induced velocity for the filament that matches the
theoretical value of a slender ring with circular core with radius ϵ and a specific vorticity distribution. As
discussed by Moore (1971), it is possible to choose a regularization parameter that is proportional to the
core radius and gives a self-induced velocity for a particular choice of F (ω) in (15). In the case of a hollow
vortex it corresponds to δ = exp(−1/4) ϵ and for uniform vorticity distribution corresponds to
δ = exp(−3/4) ϵ. We will use the latter expression for the example calculations below.

In the Lagrangian framework of the vortex method, the evolution of the vortex ring is obtained from the
self-induced and mutual velocity fields associated with the core and vortex sheet. The velocity of the core
can then be written

uc = uc
c + u

s
c(rc), (50)

§The location of the bubble boundary is determined from the zero stream function associated to the core.
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where uc
c is the self-induced velocity and us

c the component due to the vortex sheet. The former is obtained
from (39) for the radial component, and the axial component is obtained from (41). The velocity induced
by the sheet on the core is determined from ψs(zc, rc, t) according to (49).

In the same manner, the motion of the sheet is determined by a contribution due to the core plus that due to
the self-induced velocity. The velocity of vortex element i in the sheet corresponds to

ui = uc
s(ri) + us

s(ri), (51)

where uc
s(ri) is obtained using (43) with the stream function (45) evaluated as ψ(zi, ri ; zc, rc,Γc) with the

value of δ for the core, and us
s(ri) is given by computing ψs(zi, ri, t).

Equations (50), (51), and (47) are a set of ordinary differential equations that describe the evolution of the
location and circulation of the vortex elements corresponding to the vortex sheet and the core. The
approach that is followed to determine the value of ϵ required to compute the velocity induced by the core
is related to the stability characteristics of the vortex ring and described in Section 4. Since the generation
of vorticity on the sheet was expressed in terms of a mean density for the bubble (ρc), it is necessary to
provide a mechanism to update this value at each time step. Here we will assume that when ambient air is
entrained in the bubble there is no change in volume due to the mixing. Within the level of approximation
followed here, the potential density of the bubble can be computed at time t+1 in terms of the values at
time t with

ρt+1
b =

ρt
bV t

b + (V t+1
b − V t

b)ρt
a

V t+1
b

, (52)

where Vb corresponds to the volume of the bubble and ρt
a is a mean ambient fluid density at time t. These

values are used at each time step to compute the change in circulation of each vortex element using (47)
with ρ′b = ρ

t
b − ρ

t
a. The volume of the bubble is determined from the zero stream function in a frame of

reference moving with the core.

In this model we make the approximation that the velocity field induced by the vortex ring is completely
determined by the associated vorticity distribution. This can be combined with a 2D (purely horizontal)
atmospheric wind profile, by assuming the the ring moves with the external velocity field. In this way it is
possible to obtain an approximation to the 3D velocity field in and around the cloud, which can be used to
compute, for example, the transport of Lagrangian particles or scalar species in an Eulerian framework. In
the latter case, the velocity field can be computed in terms of the stream functions of all the vortex elements
(sheet plus core) using expressions like (49) or by first mapping the vorticity from the elements to the
Eulerian grid, as is done in the vortex in cell method (Tryggvason (1989); Brecht and Ferrante (1990)). In
the latter approach, the motion of the vortex elements is also determined from the grid-interpolated
vorticity field, which can be more economical than solving (50) and (51), for which the cost will increase
as the number of vortex elements squared. Nevertheless, it should be taken into consideration that using
this type of mapping also introduces a grid-dependent resolution into the vortex method.

For the simple geometry considered here, the boundary condition (19) can be satisfied by the method of
images (Saffman (1992); Milne-Thomson (2011)), where for each vortex element there is one with
circulation of the opposite sign located at the location of its mirror image from the boundary. Following
this approach, the boundary can be eliminated and the flow obtained in terms of a set of vortex elements in
an infinite domain, making possible the use of expression (42) for the stream function and the application
of convergence results for vortex methods to this system.
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4. STABILITY REGIMES AND SCALING RELATIONS

There are numerous experimental studies of the evolution of vortex rings, although only a few consider the
conditions applicable to the nuclear cloud, which is a strongly buoyant core in a stratified medium.
Laboratory scale setups are also necessarily restricted to much lower values of the Reynolds number, with
viscous effects clearly present in some of the configurations reported. The mechanism used to initiate the
flow also has a direct impact on the initial vorticity distribution and the parameters of the vortex ring, which
needs to be taken into account when interpreting the results and linking them to the evolution of the nuclear
cloud. Both in liquids and gases, the most favored method of generating the vortex ring is by introducing
into the main fluid a jet of short duration during which fluid is pushed through an orifice using a piston or a
loudspeaker (Glezer and Coles (1990); Widnall and Sullivan (1973)). In this case, the vortex sheet that
develops at the border of the orifice rolls up to form the core of the vortex ring, but secondary regions of
vorticity also appear that have an effect on the overall circulation of the ring (Didden (1979)). Alternative
approaches to generating the ring based on density perturbations, which may be more similar to the way
the nuclear fireball evolves, involve releasing a fluid of different density by inverting a hemispherical cup
(Scorer (1957); Sanchez et al. (1989); Thompson et al. (2000)) or by piercing a membrane (Bond and
Johari (2010); Be Hagh et al. (2015)). Although none of these setups reproduces exactly the conditions of
interest, they provide valuable information on the evolution of vortex rings, particularly in terms of their
stability properties and transition between different regimes. This information will be used here to gain an
understanding of the regimes of validity of the proposed model for the nuclear cloud. Rough estimates of
the values of the parameters in the model will be obtained by scaling considerations, with the expectation
that additional measurements from laboratory experiments and the re-evaluation of historic records will
make it possible to determine those values more accurately in the future.

In the 1950s and 1960s, research on thermals, primarily within atmospheric settings, naturally addressed
properties of vortex rings, especially after Turner (1957) highlighted the relation between the two flow
descriptions. Those studies focused on validating the similarity relations proposed by Morton et al. (1956),
mainly measuring angles of spread and stabilization heights or maximum penetration distances (Scorer
(1957); Woodward (1959); Richards (1961); Saunders (1962)). Those initial experimental results were
mostly qualitative because of the limited measurement techniques available at the time, usually based on
observations of the patterns generated by the transport of passive scalars by the flow. Better
characterizations of the vorticity and density fields became possible with the development of more
powerful experimental approaches in the 1970s, such as laser-Doppler anemometry (Widnall and Sullivan
(1973); Sullivan et al. (1973)), particle image velocimetry (Weigand and Gharib (1994)), and laser-induced
fluorescence (Johari (1992)). These techniques offer a nonintrusive way to determine vector fields and
density distributions, without introducing the kind of perturbations inherent to other approaches such as
hot-wire anemometry (Dziedzic and Leutheusser (1996)). In recent years, it has also become possible to
study computationally the early stages of transition to turbulence in vortex rings (Archer et al. (2008); Mao
and Hussain (2017)), which has provided an additional insight into the evolution of the flow as the
instability progresses.

4.1 VORTEX RING STABILITY

The experimental and numerical evidence indicates that in most configurations, the core of the vortex ring
shortly after its formation is laminar (Glezer and Coles (1990)), and this was found to especially be the
case for buoyant vortex rings, where density gradients can act as a stabilizing mechanism (Turner (1957)).
Experimentally it has been observed that during the time the core remains laminar, little mixing happens
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between the fluid in it and that in the bubble (Vladimirov and Tarasov (1979); Maxworthy (1977); Zhao
et al. (2013)). Additionally, in the case of buoyant vortex rings in incompressible flows, it has been found
that initially the cross section of the core decreases as the ring radius increases, which is as expected due to
the conservation of the volume of the vorticity containing fluid (Bond and Johari (2010); Zhao et al.
(2013)). This process makes the ring increasingly slender and continues until the core becomes unstable
and turbulent. At this point, the thickness of the core starts to increase, and the ratio of the core radius to
the ring radius remains approximately constant for a period of time. Eventually the vorticity from the core
expands to most of the bubble and causes the destruction of the vortex ring structure as characterized in
Figure 2. In the case of nonbuoyant rings, the instability also leads to an expansion of the core, although
this process occurs more rapidly due to the lack of the stabilizing influence that spatial density variations
can give (Maxworthy (1974)).

In all cases, the instability of the core is known to appear first in the form of stationary azimuthal waves
(Maxworthy (1972); Dazin et al. (2006a)). The mechanism involved has been explained as inviscid and
related to the straining field in the neighborhood of the core induced by the rest of the ring (Widnall and
Sullivan (1973); Widnall et al. (1974); Widnall and Tsai (1977)), and more recently within the more
general framework of elliptical instabilities (Kerswell (2002)). The growth of the azimuthal waves is
observed to lead to the excitation of harmonics and subharmonics, which are accompanied by the
development of an azimuthal flow, or solitary wave, which results in the loss of azimuthal symmetry
(Maxworthy (1977); Nolan (2001); Naitoh et al. (2002)). After this transition, the ring with a turbulent core
is seen to propagate for long distances without apparent changes in its characteristics, which suggests that
some stabilizing mechanism is at play. Eventually nonlinear effects lead to a turbulent state that involves
the whole ring. For nonbuoyant vortex rings, recent experimental and numerical results describe this stage
in terms of the development of secondary vortical structures around the core that are periodically shed into
a wake, resulting in the progressive decrease of the ring circulation and velocity of propagation, eventually
leading to its disintegration (Weigand and Gharib (1994); Dazin et al. (2006a,b); Bergdorf et al. (2007);
Archer et al. (2008); Gan and Nickels (2010); Gan et al. (2011)).

Overall, the experimental evidence for buoyant vortex ring is more limited and appears to indicate a more
robust core, which persists for a longer time after the instability has initiated (Maxworthy (1977); Bond and
Johari (2010); Zhao et al. (2013)). Even after the core becomes turbulent, the perturbations to its vorticity
field are found to be mainly constrained to the azimuthal direction, whereas in the bubble the vorticity
appears to have a more 3D character and smaller amplitude. Only in the later stages of the transition it is
observed that the core radius becomes comparable to the ring radius, and the accompanying cancellation of
vorticity leads to a collapse of the ring, described as “catastrophic” by Maxworthy (1977). This seems to
indicate that toward the end of the transition process the evolution of buoyant vortex rings has parallels to
those of nonbuoyant rings.

There is substantial scope to further study the evolution of buoyant vortex rings in stratified media by
means of laboratory-scale experiments, numerical simulations, and by re-evaluating historic records of
nuclear clouds (Slaughter (2015); Schmitt (2016)). Until that information becomes available, we use the
existing data to develop our model of the nuclear cloud under the assumption that certain properties of
vortex rings are generic and relevant to a wide range of configurations. Following previous observations,
we propose to subdivide the evolution of the vortex ring in the cloud into three stages, which we denote the
laminar, similar, and turbulent regimes. The laminar stage corresponds to the period from the vortex ring
formation to the transition of the core to a turbulent state. In buoyant vortex rings, the conservation of the
core volume and the increase in ring radius make the ratio between the two radii, τ = ϵ/rc, vary with time.
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Assuming the core to be a torus with initial volume V0, rc and ϵ are then related by

V0 = 2π2rcϵ
2. (53)

This change in the vorticity distribution with time indicates that the similarity assumption on which (1) is
based is not valid. In fact, under the assumption that the buoyant content and circulation of the core remain
constant during the laminar regime, and taking the vorticity distribution to be uniform and confined to a thin
core, relations (39), (41), and (53) can be combined to obtain an expression for the entrainment parameter,

α =
drc

dzc
=

Bc

Γ2
c

(
3
2

ln rc + c
)−1

, (54)

where c is a constant given by

c = ln 8

√
2π
V0
−

1
4
. (55)

Equation (54) illustrates that in this nonsimilar regime, the entrainment parameter is not constant but
decreases as the radius of the ring grows.

The analysis of Widnall et al. (Widnall and Sullivan (1973); Widnall et al. (1974); Widnall and Tsai
(1977)) for nonbuoyant vortex rings has shown that the laminar core is always linearly unstable to normal
modes in the form of stationary azimuthal waves. Using an asymptotic expansion for the flow around the
core in terms of the ratio τ, they found that the wave number of the most unstable mode, κ, is of the order
of the core radius, satisfying

κϵ = c̃, (56)

with c̃ ≈ 2.5. Since the number of waves around the circumference of the core, n, has to be an integer, it
must satisfy

κrc = n, (57)

and using (56) we obtain

κϵ

τ
=

c̃
τ
= n. (58)

This shows that the instability will occur only for certain values of τ (actually for an interval around those
values). Within the same analysis, it was found that the growth rate of the most unstable mode, Ω, follows

Ω ∼ ln n. (59)

From (58) and (59) we can deduce that during the laminar regime and as the radius of the ring increases
and ϵ decreases with time, instability modes with different wave numbers and a larger n will be excited. If
the rate of growth of the ring radius is fast enough, those unstable waves might not have enough time to
grow to a sufficiently large amplitude to trigger nonlinear effects, before regressing into stable modes. As
time progresses, (39) indicates that the rate of growth of the ring radius will decrease, while (59) shows that
the growth rate of the unstable modes will increase. It can then be expected that as τ decreases, the
transition to turbulence will become more likely. We propose then to characterize the initiation of the core
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instability in terms of τ reaching a critical value. For nonbuoyant vortex rings, Maxworthy (1977) found
that after the core becomes turbulent, the value of τ adopts an approximately constant value of 0.1, which
remains for a substantial part of the following ring trajectory. We will assume that this observation applies
to the case of buoyant vortex rings, and we identify τ reaching the value 0.1 with the transition from the
laminar to the similar regime.¶

As the core evolves into a turbulent state, there is little understanding of the processes that convey to the
ring its apparent robustness. The development of secondary vortical structures seems to play an important
role in the later stage of the transition to turbulence, but their evolution is highly nonlinear and poorly
understood. These structures appear to become increasingly complex in characteristics and size and are
seen to be shed progressively into a wake (Archer et al. (2008)). During this stage, the circulation of the
ring is found to decrease in discrete steps, resulting also in a reduction of its velocity of propagation
(Weigand and Gharib (1994)). Eventually a transition is observed to a new regime where the circulation
decreases more continuously and rapidly, approximately in a linear manner with time, and the distinction
between the core and the bubble is lost (Weigand and Gharib (1994)).

The closer experimental configuration to the case of the nuclear cloud appears to be the study by
Maxworthy (1977). In that case, an initially nonbuoyant vortex ring was allowed to evolve in a uniform
medium until the development of the azimuthal instability. From that point onward, the ring entered a
stratified medium with a density scale height that was large in comparison with the dimensions of the ring
bubble. Maxworthy found the initial ring evolution to be similar to the nonbuoyant case, except for the
vorticity generated at the interface between the bubble and the atmosphere (the vortex sheet in our model),
which initially appears to have little interaction with the core. Following the similarity phase, he observed
that the radius of the core increased to become commensurate to that of the bubble, which then led to a
gradual loss of circulation and the deceleration of the ring in a similar manner as observed in nonbuoyant
vortex rings.

These experimental results seem to indicate that during the similarity regime there is a competition
between the radial growth of the ring, as determined by its buoyant content, and the turbulent diffusion of
vorticity out of the core, with the former preventing the vorticity from reaching the axis of the ring. During
the similarity regime, these two effects are approximately balanced to give a constant τ value. This
mechanism is expected to become less effective as the rate of radial growth of the core decreases with time
(c.f. 39). At the same time, the circulation of the bubble due to atmospheric stratification will in general
increase in magnitude during the cloud evolution. In a stable atmosphere, it will have an opposite sign to
the circulation in the core, and it will oppose its self-induced vertical motion. Thus we can expect the
vorticity in the bubble to have a destabilizing effect on the ring evolution, especially when its magnitude
becomes comparable to the core circulation.

We propose two criteria to determine the end of the similarity regime. One is based on the radial velocity
of the core decreasing to a certain critical value, and the other on the amplitude of the circulation of the
bubble becoming commensurate to that of the core. Our critical value for the former is determined on the
few cases studies, as presented below. In those cases it was found that a change in the evolution of the
radial cloud dimension appears to occur when the nondimensional radial velocity reached a value of around
0.04, which we adopted as marking the transition to the turbulent regime.∥ In terms of the second criterion,

¶This is a simplification, since Maxworthy (1977) results appear to indicate that the core radius grows during the transition to
the similarity regime, suggesting that τ is likely to reach values less than 0.1 during the laminar stage.

∥The temporal variation of the ring radius is a quantity amenable to measurements from historic records or laboratory experi-
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we take the critical value of the bubble circulation to correspond to 50% of the core circulation, which
quantifies the degree of coupling between the two vorticity regions. We assume that the end of the
similarity regime is reached once either of the two criteria is met, the first to occur being determined by the
initial characteristics of the ring and the stratification of the atmosphere.

The final or turbulent stage of the cloud evolution is characterized by the break down of the core as a
distinct vortical structure, which leads to the shedding and cancellation of the core and bubble vorticity.
The vortex ring is eventually replaced by series of smaller vortices that progressively resemble those
typically found in atmospheric flows. At this point, the model proposed here will cease to be valid, and
alternative physical and numerical implementation should be adopted (Arthur et al. (2021)). During this
stage we consider the behavior of the cloud to be close to that of nonbuoyant vortex rings, and following
the experimental results by Weigand and Gharib (1994), we propose a linear decrease of the circulation of
the core and bubble with time, caused by vorticity cancellation and the shedding of small vortical structures
into the wake. Additionally, it is likely that the break down of the core will promote the mixing with the
ambient air and the cessation of a well-defined ring bubble. Consequently we assume the baroclinic source
of vorticity as computed from (47) to become secondary at this stage, and we impose instead a decay of the
bubble and core circulation of the form

d |Γc|

dt
= kc, (60)

d |Γb|

dt
= kb, (61)

where kc and kb are negative constants. In the work by Weigand and Gharib (1994), the value of the decay
rate for the total circulation is of the order of -0.1 (in nondimensional units), and we adopted this value for
both kb and kc in the examples below. Finally, the selection of a physical parameter or critical value as a
means to identifying the end of the turbulent regime is less clear cut than for the other two cases. In the
results presented below we adopted as criterion to end the computation that the circulation in the core had
decayed to 10% of its initial value.

4.2 SCALING RELATIONS

The film records of nuclear tests (Spriggs and Gaunt (2011)) show that the fireball follows a trajectory
similar to that observed in laboratory studies of buoyant bubbles in fluids (Walters and Davidson (1963),
where a region of much lower density than the environment accelerates and “rolls-up” to form a vortex ring
(Figure 3). In nuclear burst configurations where there is little interaction with reflected shock waves, it is
natural to suggest that the same scaling relations will apply in both cases. In the simple configuration
where the density perturbation is spherical and has uniform density, the characteristic length (L0) of the
system can be taken to be the radius of the sphere and the characteristic time can be defined by

T0 =

√
L0 ρa

g (ρa − ρc)
, (62)

where ρc is the density of the perturbation and ρa is the ambient density. These quantities also provide
scales for the velocities (L0/T0) and the circulations (L2

0/T0) and imply that the length and time scales of
the system vary with the buoyant content of the bubble as B1/3

c and B1/6
c , respectively, with Bc defined by

(35).

ments and we expect that future studies will make it possible to determine this value with grater certainty.
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In the case of the nuclear fireball, the complex density profile means that the boundary of the equivalent
bubble is not unambiguously defined. Additionally, the interaction with other structures, which can affect
the spherical symmetry and introduce additional sources of vorticity, makes it necessary to define effective
values of the perturbation radius and density that can be used in combination with (62). Here we will
follow a simplified description of the nuclear fireball and early cloud evolution to obtain an order of
magnitude estimate to those effective quantities. Initially we will consider the conditions of an air nuclear
burst, where the interaction with external structures is minimal and the fireball can be taken to be
approximately spherical.

From the energy associated to the burst, around 70% initially takes the form of primary thermal radiation
(mainly soft x-rays) that are absorbed within a few feet from the weapon location, forming an isothermal
fireball. This energy is subsequently transformed into secondary thermal radiation and blast effects. Both
processes drive the growth of the fireball, with the most external boundary initially being determined by the
radiation front but later by the primary shock wave. Once pressure equilibrium has been achieved with the
atmosphere, a region of low density and high temperature remains around the location of the burst. The
complex characteristics of the resulting density profile reflect the multiplicity of processes by which the air
is heated (Glasstone and Dolan (1977); Zeldovich and Raizer (2002)).

The physical mechanisms prevalent during the evolution of the fireball vary with time, and this results in
different scaling relations. Once the shock front has emerged from the fireball and while the atmospheric
pressure can be considered negligible compared to the blast overpressure, the only parameters defining the
problem are the energy of the burst and the density of the unperturbed air. In this case, there are no
characteristic time and length scales, making it possible the use of self-similar solutions (Taylor (1950a,b);
Sedov (1993). Nevertheless, the evolution of the fireball into a vortex ring occurs over a period of seconds
for a kiloton range yield, by which time the amplitude of the pressure perturbations will have become small
in comparison to the atmospheric pressure (p0). In this limit, the sphere associated to the adiabatic work
equivalent to the energy release would have a radius of the order of

RB
0 ∼

(
Y
p0

)1/3

, (63)

where Y is the yield of the weapon. Contained within this volume is the fireball determined by thermal
radiation, whose radius can be approximated by (Glasstone and Dolan (1977)),

RR
0 = 67 Y0.4, (64)

where the length is measured in meters and the yield in kilotons.

These relations indicate that, for example, for a yield of 1 Kt, the two radii will be RB
0 ≈ 370 m and

RR
0 = 67 m. At this stage we do not know what effective radius should be used to determine the scales of

the problem, but we expect the value of L0 to be in between RB
0 and RR

0 . The limited analysis of nuclear
cloud measurements carried out so far appears to suggest a scaling of the form (63), and a good fit to the
initial radii has been obtained with

L0 = 120 Y1/3, (65)

which is also in agreement with the radius of the density well obtained from radiation hydrodynamic
calculations for a 1 Kt burst at sea level (without surface interactions) (Needham and Crepeau (1981)) and
with the estimate by Taylor (1950b).

28



To determine an order of magnitude for the effective density differences to be used in (62), we consider an
estimate to the upper bound of the temperature in the fireball. Although at early times the temperatures are
of the order of hundred of thousands of degrees, adiabatic expansion and radiation losses result in
substantial cooling in time scales much shorter than those associated to the formation of the vortex ring.
The largest fraction of the losses by thermal radiation occurs in the form of a cooling wave (Zeldovich and
Raizer (2002)), which reduces the temperature at the center of the fireball to about 10,000 K within a tenth
of a second after the burst. In the following seconds, further cooling by radiation occurs at a much lower
pace, and its importance is overtaken by hydrodynamic effects and the mixing with ambient air. Since the
photographic evidence indicates that for the yields of interest the fireball is still luminous during the
formation of the vortex ring, we estimate the effective temperature to be of the order of thousands degrees.
In the example calculations included below, the effective density required to determine the length scale,
which was also taken to be that of the core, was set at 10% of that of the atmosphere at the height of burst.
Assuming an ideal gas approximation, this represents a temperature of the order of 4,000 K. The model
also requires a value for the initial density of the bubble, which parameterizes the heating of the air around
the effective fireball as well as the entrainment of cooler air and other materials during the formation of the
vortex ring. In the case of an air burst, we take the density of the bubble to be 90% of that of the
atmosphere at the height of burst.

The initial conditions of the model correspond to the buoyant vortex ring shortly after it was formed from
the fireball. The radius of the ring and the length scale of the system are taken to be equal to the radius of
the effective fireball, whose volume is assumed to be equal to the initial volume of the core (assumed to be
a torus), so that the core radius satisfies ϵ ≈ 0.46 L0. In laboratory studies of vortex rings formed by the
release of buoyant fluid it has been found that the nondimensional circulation has a value of approximately
5 (Lundgren et al. (1992)), which we also adopt here.

In the experimental study of vortex ring formation from bubbles in water, Walters and Davidson (1963)
found that initially the bubbles were subject to an acceleration of twice that of gravity, before a marked
change in behavior was observed, indicating the formation of the vortex ring. The duration of this initial
phase was approximately one unit of nondimensional time, and the associated bubble displacement
approximately one scaled length. Here we take the same values as the initial time and height of the ring for
the calculation, where those quantities are measured from the time and height of the burst, respectively.

The characteristics of the cases where the interactions of the fireball with other structures become
important are more involved and currently only partially understood. Initial results (Moresco et al. (2014))
show that a marked reduction in the ring circulation can occur as a result of the interaction between shock
waves and the fireball, such as those caused by the reflection of the main blast wave from nearby
boundaries. The physical processes responsible for this change are the deformation of the fireball (Shapiro
and Kanak (2002); Bond and Johari (2005); Lai et al. (2015)) and the generation of vorticity by the
pressure gradients at the shock front. Here we use a simplified parameter representation of these effects by
multiplying the core circulation of the initial ring by a factor, which we estimated from the results in
Moresco et al. (2014). We also expect the interaction with the ground for bursts at low altitude to result in
enhanced mixing at the fireball surface and the entrainment of materials such as soil, which will affect the
overall buoyant content of the ring. Until these processes are better understood, here we propose to
parameterize these effects by a change in the initial density of the bubble, which we expect to gradually
increase with the amount of mass of cooler material entrained as the height of burst is decreased.

Here we only consider simple configurations where the only structure the fireball can interact with is the
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ground. In line with the scaling (65), we parameterize the interaction with the boundary in terms of a
scaled height of burst, SHOB, defined by

SHOB =
HOB
Y1/3 , (66)

where HOB is the nominal height of burst (the vertical distance to the ground).

It has been common practice in the past to represent the effect of the boundary in bursts close to the ground
by means of an effective yield, which for example in the case of a surface detonation is taken to be double
the nominal yield (Glasstone and Dolan (1977)). This change is intended to capture the reflection of part of
the released energy back to fireball, which would affect multiple physical processes, including the transport
of radiation and the evolution of the blast wave. In turn, this will be manifested in the characteristics of the
effective fireball, such as its shape, dimensions, and temperature profile, which as described above, will
impact the properties of the vortex ring. By describing some of the properties of the ring as functions of the
scaled height of burst, our model also captures this ground interaction, although through different physical
variables. While attractive from a computational perspective, both approaches are oversimplifications of
these complex interactions, and further research in this area is warranted.

4.3 EXAMPLES

We present below a comparison of the results obtained with the model described to cloud measurements
recorded from three above ground nuclear tests carried out by the United States at the Nevada Test Site.
These particular tests were chosen to exemplify the applicability of the model to different yields and height
of bursts. The parameters used in these cases are listed in Table 1, where Γ∗ refers to the factor multiplying
the core circulation to reflect the interaction with the boundary, and ∆ρc refers to the initial relative
difference of potential density of the bubble with respect to the atmosphere (in the notation used above this
corresponds to (ρb − ρa)/ρa). The meteorological soundings were taken from historic records from the time
of the tests (AWS (1993a,b)), and the weapon yield (which seems to be reported with an uncertainty of 0.1
Kt) as well as the cloud measurements were taken from Hawthorne (1979). The records of cloud
dimensions were reported in the form of an interpolation of the original measurements, and it is not clear
what the associated uncertainties are. There are also marked differences between the values obtained by
different methods, for example from film analysis and theodolites measurements. Note that all the
methodologies employed were based on visual determinations of cloud boundaries, which are subject to
the visibility of material transported by the cloud and do not exactly reflect the underlying air flow. These
differences are likely to be more pronounced at later times, when the cloud becomes progressively depleted
of condensed mass. As a consequence, we expect the uncertainties in the comparison of the model results
to these measurements to be large.

Table 1. Parameter values for the three nuclear tests studied.

Test Yield[Kt] HOB[m] SHOB[m/kt1/3] Γ∗ ∆ρb

Teapot Moth 2 91 73 0.97 0.9
Teapot Tesla 7 91 48 0.95 0.95

Buster-Jangle Sugar 1.2 1 1 0.85 1.1

In figures 9–11, we compare the recorded cloud top height and radius with the computed values, which
were obtained by adding to the calculated core height and radius the bubble vertical and horizontal lengths,
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Figure 9. Comparison of model results and historic measurements for the Teapot Moth nuclear test.
The plots correspond to interpolated atmospheric potential density (continuous line), bubble
potential density (dashed line), radial core velocity (continuous line), ratio of bubble to core

circulation (dashed line), computed cloud radius and top height (continuous lines), and cloud historic
measurements (dots).

respectively. In the three cases, the computations compare favorably for the cloud heights, while the
differences are larger for the cloud radii. This could be in part related to the irregularity of the bubble
surface due to the baroclinic generation of vorticity and the associated instabilities. In both cases the
discrepancies are more marked at later times, which is to be expected given the uncertainties in the
description of the turbulent phase of the vortex ring, as already discussed.

Also shown are the evolution of the potential densities of the atmosphere and bubble. Except for the Sugar
test, the bubble was initiated as lighter than the atmosphere, but because of entrainment and the stable
stratification of the ambient air, this density difference quickly changed sign. This reversal of the density
gradient is manifest in the change of sign of the source of vorticity on the bubble surface, which can also be
seen in the plots of the ratio of bubble to core circulations. For the Moth and Tesla tests, there is an initial
period in which this ratio is positive, indicating that the circulation of the bubble and the core had the same
sign. In all three cases considered, the bubble density is higher for most of the cloud evolution, which
results in an increasingly negative ratio of the circulations, a tendency that is more marked around strongly
stable regions of the atmosphere, as can be seen by comparison with the plots of potential density versus
height. After the transition to the turbulent regime the circulation ratio changes linearly with time, as the
evolution of the circulations of the bubble and core are taken to be independent of the atmospheric
stratification and to decrease at the same rate according to (60)–(61).

In Figures 9–11 we also show the variations of the radial velocity of the core (a moving mean) as a function
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Figure 10. Comparison of model results and historic measurements for the Teapot Tesla nuclear test.
The plots correspond to interpolated atmospheric potential density (continuous line), bubble
potential density (dashed line), radial core velocity (continuous line), ratio of bubble to core

circulation (dashed line), computed cloud radius and top height (continuous lines), and cloud historic
measurements (dots).

of time, as well as the threshold value 0.04 used to identify the transition to the turbulent regime. In all
cases the radial growth of the core appears to have slowed substantially before reaching this value, and the
marked oscillations are an indication of the strong coupling between the vorticity in the core and the
bubble. Comparing the plots of radial velocity and circulation ratio for the Moth and Tesla tests illustrates
that the similarity regime in the model ended when the radial velocity crossed the imposed threshold,
whereas for the Sugar test the trigger was the bubble circulation reaching 50% of the core circulation.
Although future research is expected to provide refined criteria for the transition between the similarity and
turbulent regimes, we believe that the observed behavior of the radial velocity is a robust indicator of
conditions where instabilities are likely to develop.

As already explained, the scalings proposed here are just an order of magnitude approximation, and the
associated errors are bound to be large. To exclude these uncertainties, in Figure 12 we plotted the
calculated radius versus the height of the cloud. These results appear to indicate that the three-regime
model of the cloud evolution is able to capture the measured changes in the cloud characteristics. The
vertical lines in these plots indicate the heights the transitions between the regimes occurred (the line at the
lowest height corresponding to the transition between the laminar and similar stages), and show that the
similarity regime only applies to a fraction of the cloud trajectory. Nevertheless it still appears reasonable
to propose a linear relation between the height and radius of the cloud, that is a constant value for the
entrainment parameter, especially before the onset of the turbulent regime. This observation suggests that
models based on the entrainment assumption (1) should provide reasonable results in many situations,
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Figure 11. Comparison of model results and historic measurements for the Buster-Jungle Sugar
nuclear test. The plots correspond to interpolated atmospheric potential density (continuous line),
bubble potential density (dashed line), radial core velocity (continuous line), ratio of bubble to core

circulation (dashed line), computed cloud radius and top height (continuous lines), and cloud historic
measurements (dots).

which is supported by the extensive comparisons that have been done with nuclear test data (Francis et al.
(2010)). In Figure 12 the dashed lines are approximation to this linear relation, whose slope (indicated)
would correspond to the entrainment parameter α in (1). Our results also suggest that developing a
parameterization of the entrainment parameter that is a function of the scaled height of burst and takes into
account the variations caused by the vortex ring instabilities and changes in the atmospheric conditions,
would be a valuable addition to cloud models based on the entrainment assumption, without substantially
increasing their computational complexity.
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5. CONCLUSIONS

The purpose of this work was to develop a model of the nuclear cloud that provides better physical
accuracy than the descriptions currently employed in operational settings, while maintaining the
requirement of modest computational cost. The approach we followed is based on the properties of
buoyant vortex rings, which are usually the dominant feature of nuclear clouds during most of their
evolution. Although vortex ring models of the cloud have been proposed before (Huebsch (1966)), only in
recent years have they become a viable option in operational settings as a result of a better understanding of
these type of flows, as well as advances in numerical schemes and computational hardware.

One of the main advantages of this approach over traditional models based on Taylor’s entrainment
assumption (1) is that it provides a better characterization of the velocity field in the proximity of the cloud,
which is crucial in describing the transport of condensed matter during cloud rise and the spatial
distribution of radioactive weapon debris. Additionally, there is no requirement to specify an entrainment
parameter as an input, as the radial expansion of the ring is solved explicitly. This is expected to give a
description of the main cloud characteristics, such as stabilization height, that is more robust and
responsive to changes in weapon emplacement and atmospheric conditions.

Our main assumption has been that the large-scale flow motions are determined by the vorticity attached to
the ring. To reduce computational costs, we took advantage of the spatial concentration of the vorticity and
decomposed it into two components: the core and a vortex sheet around the bubble. A discretization of the
vorticity field into vortex elements resulted in a Lagrangian formalism to describe its evolution, with the
benefit of being mesh-free and requiring only the solution of a set of ordinary differential equations. As an
indication of the computational cost of the model, the calculations of the cloud evolution presented in
Section 2 took about 5 minutes using a state-of-the-art desktop computer. Under the approximations
discussed in Section 2, at any point in the domain the velocity field due to the ring can be obtained from the
instantaneous vorticity distribution. When this is combined with an atmospheric wind velocity field, it is
possible to describe the transport of particles or scalar fields by the cloud following a Lagrangian or
Eulerian description. Examples of this type of calculations are shown in Figures 13 and 14.

Being a reduced model of the cloud, the proposed description is not free of parameters that need to be
prescribed. As discussed in Section 4, those quantities can be related to physical properties of buoyant
vortex rings, and in most cases it should be possible to determine their functional dependences from
measurements obtained from historic nuclear cloud records or from laboratory experiments. The relatively
good agreement that was obtained in the examples presented by using rough estimates of those quantities is
an indication that there is margin to improve this description by including more data in the analysis.
Certain requirements imposed on the model, such as the constancy of the buoyant content of the core,
could be relaxed without incurring substantial additional computational costs, but these requirements were
kept here because they are believed to be of the same order as the other approximations. In general, while
designing the model we gave precedence to simplicity over accuracy until more data become available and
better estimates of the errors incurred can be made.

One of the main shortcomings of the proposed model is the assumption of axisymmetry of the vortex ring.
Although this is likely to be valid at early time, both the development of the instability of the core and the
interaction with atmospheric flows (especially wind shear) are bound to break this symmetry (Lifschitz
et al. (1996)). We consider the description presented here to capture the properties of the vortex ring on
average and to be preferable to the substantial extra numerical cost that would involve abandoning this
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Figure 13. Example of the use of the vorticity model of the nuclear cloud to compute the transport of
Lagrangian particles. The plot corresponds to the Tesla test at 4 minutes after the burst. Particle

trajectories were computed using a Langevin equation approach (Durbin (1980)), and the gray scale
indicates the Stokes relaxation time of the particles. Note, no effort was taken to distinguish between

exposed and obscured particles for the given perspective.

assumption (Knio and Ghoniem (1990); Lindsay and Krasny (2001)). We still believe that further studying
the impact of this approximation is warranted. In the same line, the assumption that the cross section of the
core remains circular at all times is likely to be a source of error, especially when the interaction with the
vorticity in the bubble becomes important. Representing the core of the ring with multiple vortex filaments
(Brecht and Ferrante (1989)) would allow for a more accurate description of the vorticity field and is an
approach that should be considered as computational power continues to evolve.

The characteristics of the vortex ring used as the initial condition in the model need to encapsulate the
evolution of the fireball during the first few seconds after the burst. Multiple physical processes have to be
considered to relate the properties of the ring, such as its radius, circulation, and buoyant content, to the
characteristics of the weapon emplacement. This regime is still not well understood, but progress can be
expected in the near future thanks to the advancement in first principles, high fidelity computational
descriptions of the fireball (Duncan and Key (2019)), and ongoing efforts to reanalyze and expand the set
of measurements from historic cloud records.

Experimental observations show that during most of the evolution of buoyant vortex rings, the core is
turbulent, and a better understanding of the stability properties of these flows is likely to have a big impact
on the accuracy of the computed cloud characteristics. Most of the results used in the development of the
model were obtained for nonbuoyant vortex rings, and the analysis would benefit from further experimental
and analytical studies. This lack of data has a bigger impact in the later stages of the cloud evolution,
where we expect the uncertainty in the predictions from the model to grow accordingly. In particular, our
treatment of the final or turbulent stage of the vortex ring is admittedly very simplistic. A smooth transition
to the type of descriptions used for the dynamics of the atmosphere would be desirable but is still lacking.
We can imagine that a formulation of atmospheric flows based on the vorticity field, perhaps within the
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Figure 14. Example of the use of the vorticity model of the nuclear cloud to compute the transport of
potential temperature in an Eulerian framework. The plot correspond to the Tesla test at 23 seconds
after the burst. The computations were carried out using an upwind finite volume Eulerian scheme

(Leveque (2002)) where the fluxes were calculated using the velocity determined by the vorticity field.

framework of the Large Eddy Simulation scheme (Mansfield et al. (1998)) could offer a natural bridge to
the approach followed in this model.

It is our expectation that this work will fill a gap in the tool box of descriptions of the nuclear cloud,
making it possible to obtain some characteristics of the solution that were previously only available from
calculations on high-end computer platforms. Having the possibility to run this model side-by-side with
current operational descriptions should benefit activities such as sample collection for forensic analysis,
where planning is done within multiple time frames as input data become available. In the longer term, we
believe this effort will support the development of a hierarchy of models with different levels of
approximation and computational requirements. Having a good understanding of the physical
approximations involved at each level of description will make it possible to determine their domain of
applicability as well as quantify the associated errors and uncertainties. This in turn will allow users to
make informed decisions on the best approach to employ for a given physical configuration and set of time
constraints.
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