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SUMMARY 
This report documents work performed under the Spent Fuel and Waste Disposition’s Spent Fuel and Waste 
Science and Technology program for the US Department of Energy (DOE) Office of Nuclear Energy (NE). 
This work was performed to fulfill Level 3 Milestone M3SF-21OR010201038, “FY2021 ORNL Report on 
High Burnup Sibling Pin Testing Results,” within work package SF-21OR01020103 and is an addition to 
the work reported in M2SF-21OR010201032, M2SF-19ORO010201026 and M2SF-19OR010201028. 

This document discusses the uncertainty of measurements associated with the Instron system and the 
resulting uncertainty in the acquired measurements and calculated information. The primary parameters 
measured during the Instron test include the applied load and specimen deflection. The associated primary 
calculated parameters are the maximum beam deflection at the rod’s axial center and modulus of elasticity. 
Secondary calculated parameters include specimen stress and strain amplitudes, as well as flexural rigidity. 
The uncertainty associated with the primary and secondary calculated parameters was investigated based 
on the known uncertainty in the measured parameters. 

 
 
  



Sister Rod Destructive Examinations, Appendix H 
H-iv  March 31, 2022 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

This page is intentionally blank 

 

 



Sister Rod Destructive Examinations, Appendix H 
March 31, 2022  H-v 
 

CONTENTS 
SUMMARY ................................................................................................................................................. iii 

CONTENTS .................................................................................................................................................. v 

LIST OF FIGURES .................................................................................................................................... vii 

LIST OF TABLES ....................................................................................................................................... ix 

REVISION HISTORY ................................................................................................................................. xi 

ACRONYMS ............................................................................................................................................. xiii 

H-1. Introduction ........................................................................................................................................ 1 

H-2. Instrumentation and Equipment That Influence Uncertainty ............................................................. 1 

H-3. Uncertainty Calculations .................................................................................................................... 5 
H-3.1 Maximum Bending Moment Uncertainty ................................................................................ 5 
H-3.2 Maximum Beam Deflection Uncertainty ................................................................................. 5 
H-3.3 Modulus of Elasticity Uncertainty ........................................................................................... 6 
H-3.4 Flexural Rigidity Uncertainty .................................................................................................. 7 
H-3.5 Maximum Stress Uncertainty ................................................................................................... 8 
H-3.6 Maximum Strain Uncertainty ................................................................................................... 9 

H-4. Summary of Results ......................................................................................................................... 10 

REFERENCES ........................................................................................................................................... 11 
  



Sister Rod Destructive Examinations, Appendix H 
H-vi  March 31, 2022 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This page is intentionally blank 

 

 



Sister Rod Destructive Examinations, Appendix H 
March 31, 2022  H-vii 
 

LIST OF FIGURES 
 

Figure H-1. Instron certificate of calibration for displacement. .................................................................... 3 

Figure H-2. Instron certificate of calibration for force. ................................................................................ 4 

Figure H-3. Elastic modulus uncertainty (UE) versus load (P) for varying beam deflections. ..................... 7 

Figure H-4. Flexural rigidity uncertainty (UEI) vs. load (P) for varying beam deflections. .......................... 8 

Figure H-5. Maximum strain uncertainty (Uεmax) vs displacement (Δf). ....................................................... 9 

Figure H-6. Relative maximum strain uncertainty vs maximum strain. ............................................. 10 

 

 

 

 

  



Sister Rod Destructive Examinations, Appendix H 
H-viii  March 31, 2022 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This page is intentionally blank 

 



Sister Rod Destructive Examinations, Appendix H 
March 31, 2022  H-ix 
 
 

LIST OF TABLES 
Table H-1. Instron calibration results ....................................................................................................... 1 

Table H-2. Summary of Instron primary and secondary parameter uncertainties ...................................... 10 

 

  



Sister Rod Destructive Examinations, Appendix H 
H-x  March 31, 2022 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This page is intentionally left blank.



Sister Rod Destructive Examinations, Appendix H 
March 31, 2022  H-xi 
 

REVISION HISTORY 

Date Changes 

10/29/2021 Initial document release. 

3/31/2022 
Updated to include uncertainty related to the use of elastic beam 
theory in the plastic region. The summary was modified to include all 
uncertainties in terms of the variable of interest. 

  

  

 

 



Sister Rod Destructive Examinations, Appendix H 
H-xii  March 31, 2022 

This page is intentionally left blank. 



Sister Rod Destructive Examinations, Appendix H 
March 31, 2022  H-xiii 
 

ACRONYMS 
ASME American Society of Mechanical Engineers  
DOE US Department of Energy 
ID inner diameter 
NDE nondestructive examination 
NE Office of Nuclear Energy 
NRC US Nuclear Regulatory Commission 
OD outer diameter 
ORNL Oak Ridge National Laboratory 
PWR pressurized water reactor 
SNF spent nuclear fuel 
 
  



Sister Rod Destructive Examinations, Appendix H 
H-xiv  March 31, 2022 

 

This page is intentionally left blank. 



Sister Rod Destructive Examinations, Appendix H 
March 31, 2022  H-1 

 

H-1.  Introduction 
Appendix E describes the Instron equipment, the measurements taken, and the basic data processing and 
extended information derived from those measurements. 

This document discusses the uncertainty of measurements associated with the Instron 5967 system and 
the resulting uncertainty in the acquired measurements and calculated information. The primary 
parameters measured during the Instron test included the applied load and specimen deflection.  

At present time the calculations only address four-point bend (4PB) tests. When axial tension tests are 
completed, the uncertainty related to those tests will also be calculated.  

For 4PB, the associated primary calculated parameters were the bending moment, the maximum beam 
deflection at the rod’s axial center, and the modulus of elasticity. Secondary calculated parameters 
included specimen stress and strain amplitudes, as well as flexural rigidity. The uncertainty associated 
with the primary and secondary calculated parameters was investigated based on the known uncertainty in 
the measured parameters. 

H-2.  Instrumentation and Equipment That Influence Uncertainty 
There are essentially five measurements that are used in the evaluation of 4PB data: bottom fixture 
support length (L), top fixture loading arm (a), displacement (Δf), load (P), and the rod outer diameter 
(D). The fixture lengths are measured once and are not changed over the test series. The displacement and 
load are outputs from the Instron load frame during the test as a function of time. 

Information on the Instron equipment and instrumentation is from Appendix E: Mechanical Testing. Error 
in the primary parameters measured was provided by certificates of calibration for displacement and force 
issued by Instron Calibration Laboratory (see Figures H-1 and H-2). Calibrations were tested in 
accordance with ASTM E2309/E2309M-2016 for displacement and ASTM E4-16 for force. Table H-1 
provides the valid ranges and errors that resulted from calibration testing. 

Table H-1. Instron calibration results 

Parameter Measurement range Maximum Error 

Displacement (ascending) 25.0008 to 250.0044 mm ± 0.009% 

Displacement (descending)  -24.9996 to -250.0026 mm ± 0.002% 

Load (tension) 0.299269 to 29.98002 kN ± 0.37% 

Load (compression) -0.300266 to -29.99315 kN ± 0.19% 

Temperature  67.1 to 68.1°F N/A 

 

The first moment of inertia, I, was calculated based on the fuel specimen’s outer diameter, D. Each 
specimen’s diameter was measured and reported in Sister Rod Nondestructive Examination Final Report 
[H-1], and the uncertainty associated with each measurement was ± 0.02 mm. Uncertainty in diameter 
influences the calculated elastic modulus, stress, strain, and flexural rigidity.  
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Upper fixture length, a (1.667 in.), and lower fixture length, l (5.000 in.), were measured to the nearest 
⅟₁₆ in. Therefore, it was assumed that the nominal uncertainty with each of these measurements was 
± ⅟₃₂ in. Fixture length uncertainties have an effect on all calculations discussed. 

For the 200°C 4PB tests, the thermal expansion of the fixture lengths and rod diameter was considered. 
After examining the thermal expansion coefficients of the materials and temperature changes endured, 
thermal expansion of both materials was determined to be less than 0.5%. Subsequently, the thermal 
expansion’s effect on the bending moment, elastic modulus, stress, strain, and flexural rigidity was also 
determined to be less than 0.5% and was assumed to have a negligible impact on results. 

The tests conducted at ambient hot cell temperature ranged from 70 to 80°F. While these temperatures are 
slightly higher than the temperature during calibration testing, the Instron 5967 is equipped with sensors 
inside the load cell to compensate for changes in temperature and can adjust measurement values 
accordingly. 
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Figure H-1. Instron certificate of calibration for displacement. 
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Figure H-2. Instron certificate of calibration for force. 
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H-3.  Uncertainty Calculations 
The 2σ uncertainties associated with the measurements are estimated by using a sum of squares of the 
individual variations assuming independence of the variables (no cross correlations): 

𝑈𝑈𝑓𝑓 = ��
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2

𝑈𝑈𝑥𝑥2 + �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2

𝑈𝑈𝑦𝑦2 + �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2

𝑈𝑈𝑧𝑧2 + ⋯�
1/2

 (H-1) 

where: 

• Uf is the 2σ uncertainty of the function f(x,y,z,…) and 

• Ux,Uy, and Uz are the 2σ uncertainties of the measured values x,y,z, respectively. 
The derivatives are evaluated at the nominal measured values (effectivity a single-term Taylor series 
expansion assuming small variations). The notation and variables used in this appendix are the same as 
those used in the main report and the reader is referred to the report for details. 

Throughout these calculations, unless otherwise noted, the units of loads are in N and lengths are in m. 

 

H-3.1  Maximum Bending Moment Uncertainty 
The maximum bending moment applied at the rod center is 

𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑃𝑃𝑃𝑃 (H-2) 

where P is the load applied, and a is the distance between the upper loading points. Arm-length 
uncertainty (Ua) is nominally given as ± 0.03125 in.(0.00079375 m) for a = 1.667 in. (0.0296418 m), and 
load uncertainty (Up) is taken as the maximum error measured during Instron calibration compression 
testing (± 0.19%). Using the approach described in Eq. (H-1) and the bending moment equation in Eq. 
(H-2), the maximum bending moment uncertainty is 

𝑈𝑈𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 =  �𝑃𝑃2𝑈𝑈𝑎𝑎2 + 𝑎𝑎2𝑈𝑈𝑝𝑝2 (H-3) 

Simplifying, the following is obtained: 

𝑈𝑈𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 = 8.30 ∗ 10−4 ∗ 𝑃𝑃  (𝑁𝑁 −𝑚𝑚) (H-4) 

Maximum bending moments calculated ranged from 0 to ~65 N-m. Since load uncertainty varied linearly 
with load and arm-length uncertainty was constant, the bending moment uncertainty was calculated to be 
0.083% of the applied load and 1.96% of Mmax. 

H-3.2  Maximum Beam Deflection Uncertainty 
Using classical beam theory, Δmax, the maximum beam deflection at the rod’s axial center in the elastic 
region can be calculated as: 

∆𝑚𝑚𝑚𝑚𝑚𝑚 =
∆𝑓𝑓(3𝑙𝑙2 − 4𝑎𝑎2)
4(3𝑙𝑙𝑙𝑙 − 4𝑎𝑎2)  (H-5) 



Sister Rod Destructive Examinations, Appendix H 
H-6  March 31, 2022 

 

As discussed in Appendix E, Section E-2.1.4, elastic beam theory isn’t strictly applicable in the plastic 
region, but the strain at fracture is relatively small and deviation from elastic theory is therefore expected 
to be small. The potential magnitude of deviation was evaluated by measuring the center beam deflection 
and the crosshead deflections in test images, and the deviation from elastic beam theory was within 1.9%. 
For ease of evaluating the uncertainty, the potential deviation from theory was applied over the entire 
range of deflections (elastic and plastic), although it is truly only applicable in the plastic range.  

Using Eqs. (H-1) and (H-5), uncertainty in maximum beam deflection (UΔmax) is evaluated as 

U∆max = 1.019 

⎷
⃓⃓
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⃓⃓
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 (H-6) 

When substituting in known terms, Eq. (H-6) with the included plastic region uncertainty simplifies to 

𝑈𝑈∆𝑚𝑚𝑚𝑚𝑚𝑚 = 1.26 ∗ 10−2 ∗ ∆𝑓𝑓   (𝑚𝑚) (H-7) 

For convenience, the uncertainty can be expressed as a percentage of the maximum beam deflection, Δmax  

𝑈𝑈∆𝑚𝑚𝑚𝑚𝑚𝑚 = 1.26 ∗ 10−2 ∗ ∆𝑓𝑓/1.149 = 1.10 ∗ 10−2 ∗ ∆𝑚𝑚𝑚𝑚𝑚𝑚   (𝑚𝑚) 

 

was ~18 mm, with an uncertainty calculated to be ±0.23 mm. 

H-3.3 Modulus of Elasticity Uncertainty 
The modulus of elasticity (E) can be derived using elastic beam theory, given the approach discussed in 
Appendix E, using the measured crosshead extension (as corrected for machine compliance), Δf ,  

𝐸𝐸 =
𝑃𝑃𝑃𝑃

6∆𝑓𝑓𝐼𝐼
(3𝑙𝑙𝑙𝑙 − 4𝑎𝑎2) (H-8) 

where I is the first moment of inertia about rod diameter D (I = 𝜋𝜋
64

D4), where D is nominally assumed to 
be 9.5 mm) and the rod OD is that measured using nondestructive methods. Simplifying Eq. (H-8) and 
following Eq. (H-1) the uncertainty in the modulus of elasticity (UE) is derived as 

𝑈𝑈𝐸𝐸 =

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
�⃓
�
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�
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�𝑈𝑈∆𝑓𝑓�
2 +

+�
2.501 ∗ 109 ∗ 𝑃𝑃(𝑙𝑙𝑙𝑙 − 2𝑎𝑎2)

Δ𝑓𝑓
�
2
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�
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(𝑈𝑈𝑙𝑙)2
 (H-9) 

Reducing Eq. (H-9) with known terms, Eq. (H-10) is obtained as shown below: 

𝑈𝑈𝐸𝐸 = 3.986 ∗ 103 ∗
𝑃𝑃
∆𝑓𝑓

(𝐺𝐺𝐺𝐺𝐺𝐺) (H-10) 

The most prominent sources of the elastic modulus uncertainty are the upper fixture loading arm length, 
a, followed by the lower fixture length, l, and their associated uncertainties. Figure H-3 depicts elastic 
modulus uncertainty vs. load for various values of beam deflection, Δf, that ranged from 0 to 
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approximately 3 mm (in the elastic regime) during testing. Uncertainties in load and beam deflection 
measured by the Instron system are statistically insignificant when calculating elastic modulus uncertainty 
in this test. Uncertainties are plotted up to the maximum elastic modulus calculated (~59 GPa) for each 
deflection distance. Equation (H-10) and Figure H-3 suggest that more rigid specimens have larger 
magnitudes of elastic modulus uncertainty. However, the relative uncertainty of the elastic modulus 
remains constant at 2.5%. 

 
Figure H-3. Elastic modulus uncertainty (UE) versus load (P) for varying beam deflections. 

 

H-3.4 Flexural Rigidity Uncertainty 
Flexural rigidity (EI) is the product of the elastic modulus and the first moment of inertia, and following 
Eq. (H-1), its uncertainty (UEI) can be expressed as 

𝑈𝑈𝐸𝐸𝐸𝐸 =

⎷
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 (H-11) 

Simplifying and including the 1.9% uncertainty related to the use of elastic beam theory: 

𝑈𝑈𝐸𝐸𝐸𝐸 = 1.019 ∗  1.44 ∗ 10−6 ∗
𝑃𝑃
∆𝑓𝑓

=  1.47 ∗ 10−6 ∗
𝑃𝑃
∆𝑓𝑓

 (𝑁𝑁 −𝑚𝑚2) (H-12) 
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The flexural rigidity uncertainty’s most dominant sources are the upper and lower fixture lengths. 
Flexural rigidity uncertainty vs. load for varying beam displacements is plotted in Figure H-4 for 
0 < EI < 28 N-m2, the range of values calculated during testing. Relative flexural rigidity uncertainty 
remains constant at 2.3%. 

 

Figure H-4. Flexural rigidity uncertainty (UEI) vs. load (P) for varying beam deflections. 

 

H-3.5 Maximum Stress Uncertainty 
Maximum stress (σmax) occurs at the maximum deflection point at the bottom of the specimen and is 
calculated as 

σmax =
𝑃𝑃𝑃𝑃 (𝐷𝐷/2)

𝐼𝐼
 (H-13) 

After substituting I = 𝜋𝜋
64

D4 and applying Eq. (H-1), maximum stress uncertainty is given in Eq. (H-14). 

𝑈𝑈σ𝑚𝑚𝑚𝑚𝑚𝑚 = 1.188 ∗ 107�𝑎𝑎2�𝑈𝑈𝑝𝑝�
2

+ 𝑃𝑃2(𝑈𝑈𝑎𝑎)2 + �
3𝑃𝑃𝑃𝑃
𝐷𝐷
�
2

(𝑈𝑈𝐷𝐷)2 (H-14) 

which simplifies to 

𝑈𝑈σ𝑚𝑚𝑚𝑚𝑚𝑚 = 1.99 ∗ 10−2 ∗ 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚   (𝑃𝑃𝑃𝑃) (H-15) 

Maximum stress values varied from 0 to 768 MPa with a constant relative uncertainty of 1.99%. 
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H-3.6  Maximum Strain Uncertainty 
Maximum strain (εmax) is estimated as 

ε𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷
2

, (H-16) 

where 𝜌𝜌 is curvature, which is a function of load and displacement. The maximum strain uncertainty 
(Uεmax) is a function of deflection uncertainty and is calculated in the following equation, which includes 
the 1.9% uncertainty related to use of elastic beam theory in the plastic region: 

𝑈𝑈𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀 = 1.019 ∗  8.795 ∗ 10−6
∆𝑓𝑓

�0.0161 −  5.277∆𝑓𝑓2�
2

=  8.962 ∗ 10−6
∆𝑓𝑓

(0.0161 −  5.277∆𝑓𝑓2)
2 

(H-17) 

Figure H-5 depicts the relationship between maximum strain uncertainty and displacement, while Figure 
H-6 plots relative maximum strain uncertainty to maximum strain. 

 

 

 

 

 

 

 

 

 

 

 

 
Figure H-5. Maximum strain uncertainty (Uεmax) vs displacement (Δf). 
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Figure H-6. Relative maximum strain uncertainty vs maximum strain. 

 

Measured strains ranged from 0 to 0.046 with a relative maximum strain uncertainty that ranges from 
1.49% to 1.69% for the data. 

H-4.  Summary of Results 
The uncertainty associated with each of the Instron primary and secondary parameters is summarized in 
Table H-2. 

 
Table H-2. Summary of Instron primary and secondary parameter uncertainties 

Parameter Measurement range Uncertainty 

Bending moment, 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚  

(N-m) 
0 to 60.70 1.96% of 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 

Maximum beam deflection, 
∆𝑚𝑚𝑚𝑚𝑚𝑚  (m)  0 to 0.0141 1.10% 𝑜𝑜𝑜𝑜 ∆𝑚𝑚𝑚𝑚𝑚𝑚  

Modulus of elasticity, 𝐸𝐸 
(GPa) 0 to 59.3 2.5 % 𝑜𝑜𝑜𝑜 𝐸𝐸 

Flexural rigidity, EI (N-m2) 0 to 23.3 2.3% 𝑜𝑜𝑜𝑜 𝐸𝐸𝐸𝐸 

Maximum stress, σmax 
(MPa)  0 to 768 1.99% 𝑜𝑜𝑜𝑜 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 

Maximum strain (m/m) 0 to 0.046 1.69% 𝑜𝑜𝑜𝑜 ε𝑚𝑚𝑚𝑚𝑚𝑚 



Sister Rod Destructive Examinations, Appendix H 
March 31, 2022  H-11 

 

REFERENCES 
[H-1]  R. A. Montgomery et al., Sister Rod Nondestructive Examination Final Report, SFWD-SFWST-

2017-000003 Rev. 1 (M2SF-17OR010201021) / ORNL/SPR-2017/484 Rev. 1 (ORNL/SPR-
2018/801), Oak Ridge National Laboratory, Oak Ridge, TN, 2019. 


	SUMMARY
	CONTENTS
	LIST OF FIGURES
	LIST OF TABLES
	REVISION HISTORY
	ACRONYMS
	H-1.  Introduction
	H-2.  Instrumentation and Equipment That Influence Uncertainty
	H-3.  Uncertainty Calculations
	H-3.1  Maximum Bending Moment Uncertainty
	H-3.2  Maximum Beam Deflection Uncertainty
	H-3.3 Modulus of Elasticity Uncertainty
	H-3.4 Flexural Rigidity Uncertainty
	H-3.5 Maximum Stress Uncertainty
	H-3.6  Maximum Strain Uncertainty

	H-4.  Summary of Results
	REFERENCES

