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Abstract

That incoherent scattering from protiated molecular liquids adds a constant back-
ground to the measured scattering intensity is well known, but less appreciated is
the fact that coherent scattering is also induced by the presence of hydrogen in a
deuterated liquid. In fact, the scattering intensity can be very sensitive, in the small-
q region, with respect to the amounts and distribution of residual H in the system.
We used 1,4-dioxane liquid to demonstrate that the partial structure factors of the
HD and DD atom pairs contribute significantly to inter-molecular scattering and that
uncertainty in the extent of deuteration account for discrepancies between simulations
and measurements. Both contributions to uncertainty have similar magnitudes: scat-
tering interference of the hydrogen-deuterium pair, and complementary interference
from the deuterium-deuterium pair by virtue of chemical inhomogeneity. This situa-
tion arises in practice since deuteration of liquids is often 99 % or less. A combined
experimental and extensive computational study of static thermal neutron scattering
of 1,4-dioxane demonstrates the foregoing. We show, through simulations, that the
reason for the differences is the content of protiated dioxane (vendors quote 1 %).
We estimate that up to 5 % (at 298 K and at 343 K) protiated mole fraction may be
involved in generating the scattering differences. Finally, we find that the particular
distribution of hydrogen in the protiated molecules affects the results significantly;
here we considered molecules to be either fully protiated or fully deuterated. This
scenario best reconciles the computational and experimental results, and leads us
to speculate that the deuteration synthesis process tends to leave a molecule either
fully deuterated or fully protiated. Although we have used 1,4-dioxane as a model
liquid, the effects described in this study extend to similar liquids and similar sys-
tematic experimental/computational studies can be performed to either understand
measurements or calibrate/validate molecular dynamics models.
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Neutron Scattering of Dioxane 1

1 Introduction

E
lastic neutron scattering of 1,4-dioxane, a common cyclic diether solvent, is used
here as a model for a combined neutron scattering/molecular dynamics simula-

tion study. Although one previous neutron scattering study investigated the liquid
structure of dioxane (Bako et al., 1999), it did not apply molecular dynamics sim-
ulations (MD) to extend the insight obtained from experiments nor did it study the
low-momentum transfer range. Therefore one aspect of this work was to extend the
study of dioxane to a unexplored domain, and another aspect was to use MD sim-
ulations as a complementary tool to neutron scattering measurements in order to
extract molecular structure information from collected data (Benmore and Loh,
2000). We provide here a detailed account of the analysis of new small-angle neutron
scattering data, and existing wide-angle data for dioxane through the computation of
static, partial structure factors. We explain the origin of coherent scattering in the
small-angle scattering range, we validate various aspects of the MD model based on
the short-range structure of dioxane, and we identify shortcomings of scattering data
reduction in the presence of unavoidable inelastic scattering effects in the instrument.
This report demonstrates that neutron scattering measurements and simulation pre-
dictions support each other to improve our understanding of the problem, and we
hope we provide a realistic description of the effort needed to obtain the level of
understanding desired.

In order to explore combined scattering and molecular dynamics simulations, an
all-atom force field must be employed since any united-atom approach (Geerlings
et al., 2000; Krienke et al., 2004; Nagy et al., 2008) will lack the needed hydro-
gen/deuterium information. The all-atom force field used in this study has been
proposed and tested by comparison of results against thermodynamic, structural and
dynamical properties (Cinacchi et al., 2006). We use this force field without modi-
fications in conjunction with the MD code LAMMPS (Plimpton, 1995).

The computational work focuses on computing partial structure factors and re-
lating them, rigorously, to the central quantity measured in static neutron scattering
experiments, namely, the differential scattering cross section. Despite the longevity of
scattering theory, the connections with MD simulations and experimental measure-
ments is not easily accessible. Therefore an additional contribution of this report is
to collect in one place the formulae, their underlying assumptions, and corresponding
modern computational procedures needed for understanding the experimental and
simulation results. Some disagreements between results found in the course of this
work would not have been resolved if the quantities measured (including those in data
reduction) and quantities obtained from simulations were not rigorously related by
theory.

Oak Ridge National Laboratory Report ORNL/TM-2016/40 pp. 1–40



2 de Almeida, Liu, Herwig, and Kidder

2 Elements of polyatomic scattering theory

Thermal neutron scattering provides structural information of molecular liquids. Mea-
surements can be compared against classical atomistic simulations and help improve
the underlying theory and modeling approach, in particular, to gain confidence on
the force field potentials employed. Conversely, a credible molecular model helps
gain unique insight on quantities inaccessible to measurements, thereby extending
the value of experimental work. For polyatomic systems, structural information is
contained in the partial structural factors which require additional experimental in-
formation. We collect in this section elements of the theory of partial structure factors
as applied to liquids.

The central quantity directly measured by elastic neutron scattering instruments
is the differential scattering cross section of the sample system, dσ

dΩ
, defined as the

ratio of scattered neutrons per unit of solid angle to the incident neutron flux, about
a given scattering direction ŝ (

∥∥ŝ∥∥ = 1), that is,

dσ

dΩ
(ŝ) :=

J(ŝ)

J0

, (2.1)

where J is measured in units of number of scattered neutrons per solid angle per
time, and J0 is measured in units of number of incident neutrons per area normal to
the incident beam per time. This gives dσ

dΩ
the unit of area per solid angle; typically

b sr−1 (b stands for 1 barn=100 fm2).
The spatial direction dependence of (2.1) is related to the molecular structure of

the fluid. In experiments, a known volume of fluid is exposed to a collimated beam of
neutrons which approximates a plane wave. The flux ratio (2.1) is then approximately
measured (depending on various instrument parameters) per unit of volume of the
sample, and denoted

dΣ

dΩ
(ŝ) ≈ V −1J(ŝ)

J0

. (2.2)

This experimental quantity, the macroscopic differential scattering cross section, is
an average over the irradiated volume of the sample for a given finite distribution of
detectors positioned around and far from the sample. When the flux ratio is actually
measured, as opposed to just counting the number of scattered neutrons in J alone,
the experimental value of dΣ

dΩ
is said to be in absolute units, which typically means

in units of cm−1. The actual formula used in the approximation (2.2) depends on
the various elements of the particular diffractometer used. In this work we utilized
the EQ-SANS instrument in the Oak Ridge National Laboratory Spallation Neutron
Source which has online and published information (Zhao, 2000, 2001; Zhao et al.,
2010).

Oak Ridge National Laboratory Report ORNL/TM-2016/40 pp. 1–40



Neutron Scattering of Dioxane 3

A central purpose of scattering theory is to calculate J from the interaction of
neutrons with the sample system composed of a constellation of atoms. Specifically
this entails a scattering collision quantum mechanical problem of neutrons and nuclei
via the long-range portion of strong forces and it is not a simple undertaking except for
the most elementary scattering systems (Squires, 1996). Nevertheless under some
rather restrictive assumptions met in practice, namely, single scattering event between
incident neutron and nucleon; weak scattering so that the same incident neutron flux
falls on all nuclei (negligible attenuation); long distance between the scattering center
and detection of the scattered neutron so to make the subtended solid angle at the
sample be well defined; length scale of the scattering object (atomic nuclei) much
smaller than the neutron wavelength so that the scattered wave is spherical; and
neglect of neutron magnetic scattering. Under these assumptions the ratio (2.1)
can be computed (Gray et al., 2011; Lovesey, 1984; Squires, 1996) (via first-
order perturbation theory in the first Born approximation in conjunction with linear
superposition of scattered waves) for a system of many nuclei, say one mole, of a
simple molecular fluid with N atoms (polyatomic system), volume V , at statistical
temperature T as

dσ

dΩ
(q) =

N∑
i=1

N∑
j=1

bi bj

〈
e
ı q·x−→

ij

〉
NVT

, (2.3)

where bi bj is the spin-isotopic average of the product of the bound scattering lengths
(here assumed purely real) of nuclei i and j, respectively, and the structure term〈
(·)
〉
NVT

is the classical statistical mechanics Gibbs’ canonical ensemble average. In
this result, the scattering vector q := kS − k0 is used instead of the direction ŝ as
in (2.1); here kS = 2πŝ/λ is the scattered neutron wavevector with λ denoting the
neutron wavelength (a constant in elastic scattering conditions), and k0 is the plane-
wave incident wavevector. The vectors x−→

ij
:= xj − xi point from atom i to atom

j, for all pairs of atoms in the polyatomic ensemble; say i may represent an oxygen
atom and j either another oxygen or a carbon atom, and so on. The left side of (2.3)
is meant to be the real part of the right side.

The absolutely calibrated differential cross section (2.2) can be now approximated
by its theoretical counterpart (2.1) as

dΣ

dΩ
(q) ≈ V −1 dσ

dΩ
(q) . (2.4)

Additional insight into the form of (2.3) can be obtained in two forms of repre-
sentations used by different authors. The differences are not always transparent, thus
here we analyze the differences to help organize calculations and obtain insight. The
first representation is based on observing that terms in the sum with i = j do not
depend on q. The sum of these isotropic terms contribute as a constant flat value to

Oak Ridge National Laboratory Report ORNL/TM-2016/40 pp. 1–40



4 de Almeida, Liu, Herwig, and Kidder

the differential scattering cross section; this is known as the self part (q-independent,
isotropic) while the remaining part is called distinct (anisotropic), that is

dΣ

dΩ
(q) ≈

distinct︷ ︸︸ ︷
1

V

N∑
i=1

N∑
j=1
j 6=i

bi bj

〈
e
ı q·x−→

ij

〉
NVT

+

self︷ ︸︸ ︷
1

V

N∑
i=1

b2
i , (2.5)

where it is assumed that the nuclei are uncorrelated, thus bi bj = bi bj ∀ i 6= j,
and bi is the average value of the scattering length of nucleus i, called the coherent
scattering length of nucleus i. In this representation the terms that contribute to
spatial interference of the scattered neutron waves are all collected in one place,
namely, distinct. Again, the distinct part is a real number, hence only the real part
of the ensemble average in (2.5) is retained.

The second form of representation is based on decomposing the average of the
product of the spin-isotopic variation of the atomic scattering length as follows

bi bj = bi bj + δij
(
b2
j − b

2

j

)
, (2.6)

where δij is the Kronecker delta, and
(
binc
i

)2
:= b2

i − b
2

i = var (bi) the square of
the incoherent scattering length. This does not make binc

i the standard deviation of
the scattering length of nucleus i because the incoherent scattering length can be a
negative number. Equation (2.6) effectively decomposes the mean of a product into
the sum of the product of the means and its variance. The decomposition (2.6) is
trivial for i = j but only holds true for i 6= j when the values of bi and bj for any atom
pair i, j are uncorrelated; this is the same assumption used in (2.5). Substituting (2.6)
into (2.3) and using (2.4) one obtains

dΣ

dΩ
(q) ≈ 1

V

N∑
i=1

N∑
j=1

bi bj

〈
e
ı q·x−→

ij

〉
NVT︸ ︷︷ ︸

coherent

+

incoherent︷ ︸︸ ︷
1

V

N∑
i=1

(
binc
i

)2
, (2.7)

where the first term on the right side is the coherent part, and the second term is the
incoherent (isotropic; q-independent) part. In this representation, the coherent terms
do not all contribute to spatial-dependent interference; that is, the factors with i = j
are isotropic.

The foregoing can be further reorganized using the total neutron static structure
factor (including intra- and inter-molecular structure) defined as

Sn(q) :=
1∑N
i=1 bi

2

N∑
i=1

N∑
j=1

bi bj

〈
e
ı q·x−→

ij

〉
NVT

, (2.8)

Oak Ridge National Laboratory Report ORNL/TM-2016/40 pp. 1–40



Neutron Scattering of Dioxane 5

where the
∑N

i=1 b
2

i factor is preferred over other definitions found in the literature

such as
(∑N

i=1 bi
)2

since
∑N

i=1 bi may be very small for some samples. In fact,

N−1
∑N

i=1 b
2

i = (4π)−1
∑M

α=1wασ
coh
α , which is a more natural atom-fraction-weighted

form as it is based on the α-nucleus total neutron scattering cross section, σα. Using

the incoherent nucleus cross section definition σinc
i := 4π

(
binc
i

)2
= 4π var(bi), and its

arithmetic mean over all nuclei σinc := N−1
∑N

i=1 σ
inc
i =

∑M
α=1wασ

inc
α ; likewise for the

coherent cross section σcoh
i := 4π

(
bi
)2

and σcoh := N−1
∑N

i=1 σ
coh
i =

∑M
α=1wασ

coh
α ,

then (2.5) becomes

dΣ

dΩ
(q) ≈

(
dΣ

dΩ
(q)

)
dist

+

(
dΣ

dΩ

)
self

,with (2.9a)

(
dΣ

dΩ
(q)

)
dist

:=
n

4π
σcoh

(
Sn(q)− 1

)
, and (2.9b)(

dΣ

dΩ

)
self

:=
n

4π
σ , (2.9c)

where n := N/V is the atom number density, σcoh is average coherent cross section
of the sample, and σ = σcoh + σinc the total average cross section of the sample.
Relation (2.9a) reflects the comparison of the experimental value on the left, measured
in absolute units, to the theoretical approximation on the right. Also, it explicitly
shows that the differential scattering cross section is directly proportional to the
number density of atoms, and it is the sum of a distinct anisotropic part, (2.9b), and
a constant isotropic part, (2.9c); more on this topic later.

Likewise, using (2.8), (2.7) becomes

dΣ

dΩ
(q) ≈

(
dΣ

dΩ
(q)

)
coh

+

(
dΣ

dΩ

)
inc

,with (2.10a)

(
dΣ

dΩ
(q)

)
coh

:=
n

4π
σcoh Sn(q) , and (2.10b)(

dΣ

dΩ

)
inc

:=
n

4π
σinc , (2.10c)

where σinc is the incoherent average cross section of the sample. Therefore (2.9) and
(2.10) are slightly different ways of decomposing (2.3) where(

dΣ

dΩ
(q)

)
coh

=

(
dΣ

dΩ
(q)

)
dist

+
n

4π
σcoh , (2.11a)

Oak Ridge National Laboratory Report ORNL/TM-2016/40 pp. 1–40



6 de Almeida, Liu, Herwig, and Kidder

and (
dΣ

dΩ

)
inc

=

(
dΣ

dΩ

)
self

− n

4π
σcoh , (2.11b)

demonstrating that distinct and self parts of (2.3) differ from the coherent and in-
coherent parts by a constant factor n

4π
σcoh proportional to the average atomic coher-

ent scattering cross section of the sample material. Therefore per (2.11a) the mea-
sured scattering interference (coherent part) has two components, namely, distinct
(anisotropic) and a self-interference (i.e. isotropic self-coherence).

The significance of (2.9) or (2.10) is to motivate the interpretation of a directly
measured experimental macroscopic differential scattering cross section in terms of a
neutron static structure factor by rearranging as

Sn(q) ≈ 1

σcoh

(
4π

n

dΣ

dΩ
(q)− σinc

)
. (2.12)

The left side of the approximation is taken as the definition of a experimentally
measured quantity and it is therefore considered as directly measured. This quantity
is not a true structure factor because it contains neutron-nuclei interactions; the only
exception when Sn reduces to a true structure factor is noted later for monoatomic
systems.

2.1 Polyatomic structure factor

It is instructive to separate the contributions of the neutron-nuclei interaction from
the atom-atom (structure) interaction in (2.9) and (2.10); note that all these in-
teractions are mixed into the q-dependent term on the right side. To obtain this
separation, it is sufficient to perform the double sum in (2.8) over pairs of atoms of
distinct type so that the bi’s and bj’s factor out of the sum effectively separating the
atom-atom interaction term from the neutron-nuclei interaction coefficients, i.e. the
bi’s. After that, all we have to do is to sum over all pairs of atom types. To this end
we arrange the atoms by their types and denote them as α, β, . . . such that the total
number of atoms equals the sum of partial atom types, Nα, thus N =

∑M
α=1Nα, with

M denoting the number of nuclei types. Next we define the neutron partial static
structure factors (not a true structure factor)

Sn
αβ(q) := 4π

√
wαwβ

bαbβ
σcoh

Sαβ(q), (2.13)

Oak Ridge National Laboratory Report ORNL/TM-2016/40 pp. 1–40



Neutron Scattering of Dioxane 7

where the α-nuclei atomic fraction is denoted wα := Nα/N , and Sαβ(q) is the true
partial static structure factor

Sαβ(q) :=
1√
NαNβ

Nα∑
i=1

Nβ∑
j=1

〈
e
ı q·x−−−→

αiβj

〉
NVT

, (2.14)

which depends only on the distribution of the α atoms around the β atoms and
vice-versa; this contains only genuine structural information including the dominant
intra-molecular structure at short wavelengths. Here the vector pointing from the
ith α atom to the jth β atom is denoted as x−−→

αiβj
as the atom pair separation vector.

Note that both the true and neutron partial static structure factors are symmetric,
i.e. Sαβ = Sβα (and Sn

αβ = Sn
βα) hence only M(M + 1)/2 distinct factors exist.

Using (2.13) and (2.14) the neutron static structure factor (2.8) can be rewritten as
a weighted sum of partial static structure factors

Sn(q) =
M∑
α=1

M∑
β=1

Sn
αβ(q), or (2.15a)

Sn(q) =
4π

σcoh

M∑
α=1

M∑
β=1

√
wαwβ bαbβ Sαβ(q) . (2.15b)

Note that the sum of cross terms in (2.15a) and (2.15b), Sn
αβ +Sn

βα, β 6= α, will equal
2Sn

αβ in view of symmetry.

The partial contribution of the structure of any pair of atoms to the total structure
of the fluid Sn(q) can be readily evaluated from (2.15b). The ability to computation-
ally evaluate (2.15b) provides additional insight into experiments when limited to the
collection of the total neutron structure factor (2.12) of the fluid.

Substituting (2.15b) into (2.10b) one obtains a very insightful approximation of
the coherent part of the experimental macroscopic differential scattering cross section

(
dΣ

dΩ
(q)

)
coh

= n

M∑
α=1

M∑
β=1

√
wαwβ bαbβ Sαβ(q) . (2.16a)

Oak Ridge National Laboratory Report ORNL/TM-2016/40 pp. 1–40



8 de Almeida, Liu, Herwig, and Kidder

That is, the coherent part (anisotropic) is the linear combination of true partial
static structural factors, wherein the coefficients contain all the information of the
interaction between neutrons and nuclei. The partial structure factors only contain
information of the structure of the fluid, that is, the relative position of atoms, their
motion, the force between atoms and the temperature. The partial structure factors
are independent of how neutrons interact with nuclei and also independent of any in-
trinsic property of the neutron (mass, energy, spin, etc.). The form (2.16a) effectively
unravels the property of the polyatomic sample from the neutron-nuclei interactions
into a sum of factorization terms. Its corresponding incoherent part (2.10c) is(

dΣ

dΩ

)
inc

=
n

4π
σinc =

n

4π

M∑
α=1

wασ
inc
α . (2.16b)

When the scattering sample is an isotropic fluid, a well known simplification in
scattering theory can be applied. Let the incident neutron wavevector k0 point in the
direction of the polar axis of a spherical coordinate system centered at the sample
barycenter. Then write the plane wave factor in spherical harmonics (Gray and
Gubbins, 1984, Rayleigh expansion)

e
ıq·x−→

ij = 4π
∞∑
l=0

m=l∑
m=−l

ıl jl(q x−−→αiβj)Y
∗
lm(θq, φq)Ylm(θx, φx) , (2.17)

where q :=
∥∥q∥∥, x−−→

αiβj
:=
∥∥x−−→

αiβj

∥∥, and the pairs (θq, φq) and (θx, φx) are the polar and

azimuthal angles of the vectors q and x−→
ij

, respectively. Isotropy of the sample means

that the partial structure factors (2.14) are independent of the azimuthal angles φq
and φx in the fluid. For this to happen in (2.17) the spherical harmonics Ylm(·) need
to be independent of the azimuthal angles and this prompts m = 0 which makes l = 0
and the only surviving term is the zeroth order Bessel function times the zeroth order
spherical harmonics Y00 = 1/

√
4π, giving

e
ıq·x−→

ij = 4π j0(q x−−→
αiβj

)Y 2
00 =

sin (q x−−→
αiβj

)

q x−−→
αiβj

. (2.18)

Substitution of (2.18) into (2.14) gives

Sαβ(q) =
1√
NαNβ

Nα∑
i=1

Nβ∑
j=1

〈sin (q x−−→
αiβj

)

q x−−→
αiβj

〉
NVT

, (2.19)

which is now a function of q = 4π
λ

sin θ where θ is the half angle between kS and k0.
Note the limit: limq→∞ Sαβ(q) = δαβ.
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Neutron Scattering of Dioxane 9

2.2 Monoatomic fluid

For monoatomic systems, (2.16) reduces to(
dΣ

dΩ
(q)

)
coh

=
n

4π
σcoh S(q) , (2.20a)

S(q) :=
1

N

N∑
i=1

N∑
j=1

〈
e
ı q·x−→

ij

〉
NVT

, (2.20b)

and (
dΣ

dΩ

)
inc

=
n

4π
σinc . (2.20c)

Here, (2.20b) is the true structure factor of the monoatomic fluid which accounts for all
nucleus-nucleus interactions without any consideration of neutron-nuclei counterpart
which is separately included in the prefactor σcoh of (2.20a). Note that (2.10b) has
the same form of (2.20a) but the neutron structure factor Sn, (2.8), has both nucleus-
nucleus and neutron-nuclei interactions included and it is not a genuine structure
factor as S in (2.20b) is. The proper extension of (2.20) to polyatomic systems is
(2.16) which requires the use of partial structure factors to accomplish the separa-
tion of atom-atom interactions from probe-atom interactions as is typically done for
monoatomic system.

The structure factor is related to the pair correlation function of a monoatomic
fluid as follows. Consider the monoatomic fluid case (2.20b) then

S(q) = 1 +
1

N

N∑
i=1

N∑
j 6=i

〈
e
ı q·x−→

ij
〉
NVT

= 1 +
1

N

N∑
i=1

N∑
j 6=i

∫
R3

eı q·x
〈
δ
(
x− x−→

ij

)〉
NVT

dx , (2.21)

where x is an arbitrary pair separation vector. For a homogeneous fluid, the ensemble
average on the last line does not depend where the particular pair separation vector,
x−→
ij

, is in space, therefore it can be computed as〈
δ
(
x− x−→

ij

)〉
NVT

=
n

N − 1
g(2)
(
x, rij

)
, (2.22)

where rij := (xj +xi)/2 is the centroid position of the i–j atom pair, and g(2)(x, rij)
is the pair correlation function of two atoms separated by x with centroid at rij. The
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double sum in (2.21) can be computed using (2.22), thus

1

N

N∑
i=1

N∑
j 6=i

〈
δ
(
x− x−→

ij

)〉
NVT

=
n

N(N − 1)

N∑
i=1

N∑
j 6=i

g(2)
(
x, rij

)
=
n

V

∫
R3

g(2)
(
x, r

)
dr = n g(x) , (2.23)

with g(x) denoting the pair correlation function for atoms separated by x. In the
limit of large N , the double sum in (2.23) for g(2)(·, ·), evaluated on all centroids rij,
converges to the integral over the whole configurational space R3. This was used
to arrive at the final result, in (2.23), involving the pair correlation function for a
homogeneous fluid. Substituting (2.23) into (2.21) gives

S(q) = 1 + n

∫
R3

eı q·x g(x) dx = 1 + n

∫
R3

eı q·x
(
g(x)− 1

)
dx + (2π)3 n δ(q) ,

which is typically redefined by ignoring the delta peak in the forward direction, thus

S(q) = 1 + i(q) , (2.24)

i(q) := n

∫
R3

eı q·x
(
g(x)− 1

)
dx , (2.25)

where the last line defines the interference function. For an isotropic fluid, the struc-
ture factor and pair correlation function are further simplified to depend on the mag-
nitudes q and r :=

∥∥x∥∥, and not on the directions of q and x, respectively. Hence by
virtue of (2.18)

i(q) = 4π n

∫ ∞
0

sin qr

qr

(
gr(r)− 1

)
r2 dr ,

here gr(·) is the direction-independent pair correlation function known as radial dis-
tribution function obtained by integrating g(x) in all directions, i.e., using spherical
coordinates

gr(r) :=
1

4π

∫ 2π

0

dφ

∫ π

0

sin θ g(x) dθ . (2.26)

The limits at low q and high q are significant; using limq→0
sin qr
qr

= 1, and limq→∞
sin qr
qr

=
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0 gives

lim
q→0

i(q) = 4π n

∫ ∞
0

(
gr(r)− 1

)
r2 dr ⇒ (2.27)

lim
q→0

S(q) = n kBT κT = −n kBT

V

∂V

∂p

∣∣∣
T
, (2.28)

lim
q→∞

i(q) = 0 ⇒ lim
q→∞

S(q) = 1 .

The forward scattering limit (2.28) arises from large scale (relative to the molec-
ular scale) density thermal fluctuation which is a function of the thermodynamic
isothermal compressibility of the homogeneous, isotropic fluid, κT (kB is the Boltz-
mann constant), that is, if ν is the average number of atoms or particles in a small
volume (large compared with the molecular scale), then it is possible to demon-

strate that the relative fluctuation, var(ν)
ν

= ν2−ν2
ν

, is equal to (2.28) or from (2.27),
var(ν)
ν

= 1+4π n
∫∞

0

(
gr(r)−1

)
r2 dr. Note that only in a monoatomic fluid (2.28) can

be used directly to obtain the isothermal compressibility of the fluid using limq→0 S(q)
from measurements if σcoh, σinc, and n are known in (2.20). In a polyatomic fluid,
what is measured is Sn(q) which is “not” a structure factor quantity since it depends
on neutron-nuclei interaction.

For future reference, the relative atom number fluctuation can also be expressed
in terms of the volume fluctuation

1

n

var(ν)

ν
=
V 2 − V 2

V
= kBT κT , (2.29)

allowing for an expedient calculation of κT with MD simulations using an NPT en-
semble.

2.3 Polyatomic fluid

For polyatomic systems similar extensions of (2.24) and (2.25) follows for the true
partial structural factors:

Sαβ(q) = δαβ +
√
wαwβ iαβ(q) ,

iαβ(q) := n

∫
R3

eı q·x
(
gαβ(x)− 1

)
dx ,

(2.30)

(2.31)

and

iαβ(q) = 4π n

∫ ∞
0

sin qr

qr

(
grαβ(r)− 1

)
r2 dr ,
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where grαβ(·) is the partial radial distribution function for an α-nucleus separated
from a β-nucleus by a distance x, and iαβ(·) the corresponding partial interference
function (these are symmetric, iαβ = iβα). Note the limits:

lim
q→0

iαβ(q) = 4π n

∫ ∞
0

(
grαβ(r)− 1

)
r2 dr , (2.32)

lim
q→∞

iαβ(q) = 0 ⇒ lim
q→∞

Sαβ(q) = δαβ . (2.33)

In a polyatomic fluid, κT cannot be obtained from an experimental measurement
of Sn(q) as explained earlier. However for a homogeneous, isotropic, fluid consisting
of small, rigid molecules the center of mass structure factor, Scm(q), can be computed
in a similar way as in (2.20b) when using the separation of the center of mass of the
molecules, x−→

IJ
, in place of x−→

ij
and summing the plane wave factors over Nm molecules

Scm(q) :=
1

Nm

Nm∑
I=1

Nm∑
J=1

〈
eı q·x−→IJ

〉
NVT

,

this way, it can be shown that limq→0 Scm(q) = mkBT κT , where m := Nm/V is the
molecule number density. Since the center of mass is an arbitrary point within the
molecule domain, any atom within the molecule can be chosen as a reference site,
therefore any combination of atoms belonging to different molecules produces the
inter-molecular structure factor

Sinter
αβ (q) :=

1

Nm

Nm∑
I=1

Nm∑
J=1

〈
e
ı q·x−−−→

αIβJ

〉
NVT

, (2.34)

which will deliver the same result in the forward scattering limit (only in this limit
and not other values of q): limq→0 S

inter
αβ (q) = limq→0 Scm(q) = mkBT κT for any

inter-molecular αβ combination.
It is instructive to demonstrate how an experiment campaign can be designed to

measure the partial structure factors of 1,4-dioxane using the isotopic substitution
method. Combining (2.30) and (2.16), the differential scattering cross section (2.10)
can be expressed as

dΣ

dΩ
(q) ≈ n

M∑
α=1

M∑
β=1

wαwβ bαbβ iαβ(q) +
n

4π
σ , (2.35)

which demonstrates that no single measurement of dΣ
dΩ

will allow for the calculation of
the partial pair correlation functions and their Fourier transforms, namely, the partial
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Neutron Scattering of Dioxane 13

structure factors. A method for enabling such a measurement uses k values of the
normalized interference function defined as

î(q) :=
dΣ
dΩ

(q)− n
4π
σ

n
4π
σcoh

(2.36)

which leads to, using (2.35), the following linear system of equations for the unknown
partial interference functions

M∑
α=1

(
c(k)
α

)2
iαα(q)+2

M∑
α=1

M∑
β>α

c(k)
α c

(k)
β iαβ(q) = îk(q)

k = 1, . . . ,M(M + 1)/2 ,

(2.37)

with coefficients

c(k)
α :=

√
4π

w
(k)
α b

(k)

α√
σcoh(k)

, α = 1, . . . ,M.

Therefore by making M(M + 1)/2 measurements for îk(q) with different atomic frac-

tions, w
(k)
α , obtained by mixing different amounts of C4H8O2 and C4D8O2, the linear

system of equations can be solved for all partial interference functions iαβ(q) (M αα
partials, and M(M − 1)/2 cross αβ partials) which can be Fourier transformed from
(2.31) to give the partial pair correlation functions, or used directly in (2.30) to give
the partial structure factors.

For a dioxane liquid, M = 4 (C,O,H,D), hence 10 measurements of îk(q) are nec-
essary to determine the 10 partial structure factors. Therefore 10 sets of coefficients
c

(k)
α , k = 1, . . . , 10 would be needed with different mole fractions of deuterated and

protiated dioxane. The particular choice of the fractions should be such that it ren-
ders the linear system (2.37) non-singular and well conditioned. This gives an idea
of how complementary and helpful MD simulations can be. As we will see later, all
partial structure factors can be computed with MD simulations and provide initial
insight on the structure for the fluid prior to conduct an extensive experiment based
on (2.37).

3 Methods

This work entailed experimental and computational components as described in the

next two subsections. The experimental work focused on the small-q range, 5.35× 10−3 Å
−1 ≤

q ≤ 1.51 Å
−1

, and the computational work focused on the small-to-wide range,

6.0× 10−2 Å
−1 ≤ q ≤ 10 Å

−1
.
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3.1 Small-angle neutron scattering

Deuterated 1,4-dioxane-d8 (D, 99%) was purchased from Cambridge Isotope Labora-
tories Inc. USA, and Sigma-Aldrich USA, and loaded, as received, into quartz banjo
cells with 20 mm in diameter and 1 mm-thickness. They were exposed to the neutron
beam of the time-of-flight, extended-q, small-angle scattering diffractometer, EQ-
SANS (beam line 6), at the Spallation Neutron Source (SNS) (Zhao, 2000, 2001).
The sample to detector distance was 1.3 m, choppers operated at 30 Hz in frame-
skipping mode (Zhao et al., 2010). The bands of neutrons passed in each frame were

2 to 6.3 Å and 10.6 to 14.9 Å which covered the range 5.35× 10−3 Å
−1 ≤ q ≤ 1.51 Å

−1
.

The neutron beam was 10 mm in diameter, and the SNS target station power during
data collection was 939.5 MW (60 Hz). Data was acquired for 170 s for transmission
and 3400 s for scattering at two temperatures, namely, 25 ◦C and 70 ◦C. Reduction
and scaling of the data in absolute units was done according to instrument protocol
(Do et al., 2014; Zhao et al., 2010). Additional measurements were made with:
empty camera, empty quartz cell, and Porasil B standard for instrument corrections
done by automated software including adjustments for sensitivity, flight-path correc-
tion, background, and absolute unit scaling. The differential scattering cross section
dΣ
dΩ

was then averaged in azimuthal angle and presented as a function of q.

3.2 Classical molecular dynamics simulation

The all-atom force field for 1,4-dioxane used in this work was advanced by Cinac-
chi et al. (see their supplementary information for parameters and description).
The same force field was used for either a deuterated or protiated system and their
mixtures. The molecular dynamics simulation code LAMMPS (Plimpton, 1995)
implements the needed components of this force field and was employed in this work.
A system consisting of 6400 dioxane molecules (N = 89600) was setup in a periodic
simulation box with initial configuration obtained from the Packmol tool (Mart́ınez
et al., 2009). Input data files were written for LAMMPS including scripts for carry-
ing out a sequence of ensemble calculations to obtain equilibrium trajectories. The
system was heated and equilibrated at 500 K with an NVT ensemble simulation for
1 ns, then let cool down with steps of intervening NVT simulations to reach the final
temperatures needed. Finally an isothermal-isobaric (NPT) ensemble simulation was
performed at 1 bar where mass density was computed (table 3.1) for different tem-
peratures. A Nosé-Hoover thermostat and barostat (Plimpton, 1995) were used to
control temperature and pressure, with a time constant of 0.1 and 1.0 ps, respectively.
Canonical (NVT) ensemble simulations then followed using an initial configuration
from the NPT simulation at equilibrium. This allows for consistent atomic trajectories
of the NVT and NPT ensembles, enabling the verification of (2.28) using (2.29), which
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Table 3.1: Mass density ρ [g cm−3] of dioxane C4H8O2.

T [K] MD sim. Exp’t(Contreras S, 2001) Error [%]

298 1.01 1.028 −1.75

318 0.98 1.005∗ −2.49

343 0.95 0.977∗ −2.76
∗ Extrapolated.

requires an NPT ensemble, and (2.20b), which requires an NVT ensemble. A force
potential cutoff of 12 Å was used for Lennard-Jones interactions with common tail
corrections; Coulombic interactions were handled with the particle-particle particle-
mesh method. The SHAKE (Plimpton, 1995) algorithm was used to constrain bond
lengths in the dioxane molecules. At each statistical temperature (298.15 K, 318.15 K,
and 343.15 K) at a constant pressure of 1 bar, the system was equilibrated for at least
1 ns (using a fixed time step of 1 fs), and atomic trajectories of at least an additional
5 ns elapsed time were used for analysis. We ensured that elapsed times were suffi-
cient for the system to reach a diffusive regime at all temperatures, and verified that
no correlated motion existed by computing the intermediate scattering function for
various q values; the later decayed to zero in less than 1 ns.

The simulated thermal expansion αp := −1
ρ
∂ρ
∂T

∣∣
p

was computed as 1.3× 10−3 K−1

at 298K consistent with the experimental result 1.1× 10−3 K−1(Contreras S, 2001)

(18.2 % error). The heat capacity cp := ∂〈H〉
∂T

∣∣
p

could be computed from the slope of

the NPT ensemble averaged enthalpy variation with temperature but such treatment
leads to significant overestimate of cp. We obtained 336.5 J mol−1 K; much larger than
the experimental value of 150.6 J mol−1 K−1(Brocos et al., 1999). The source of this
error is the poor prediction of the molecular configuration enthalpy (i.e. molecular
vibration) by typical MD force fields. Here the enthalpy is decomposed into the
sum of an ideal component and a residual component (Liu and Maginn, 2011).
The former is obtained either from experiments or ab initio simulations, and the
latter is obtained in two ways. First, from classical NPT MD simulations via cres

p :=
1

kBT 2

{
〈UNBĤ

〉
−
〈
UNB

〉〈
Ĥ
〉

+ p
(〈
V Ĥ

〉
−
〈
V
〉〈
Ĥ
〉)}
− R, where UNB is the inter-

molecular non-bonded potential energy, Ĥ = U + pV is the configuration enthalpy,
and R the ideal gas constant. Second, from the slope of the residual enthalpy Hres =
UNB + pV − NkBT as a function of temperature, cres

p = 〈Hres〉
∂T

∣∣
p
. The two methods

were pursued in this work, the first produced cres
p = 68 J mol−1 K−1 and the second

method, cres
p = 72.6 J mol−1 K−1. When added to the ideal heat capacity(Harrison

and Seaton, 1988), cideal
p = 94.1 J mol−1 K−1, the average simulated heat capacity
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was 164.4 J mol−1 K−1 (9.16 % error).
We tested predictions of self diffusivity D by computing the mean square distance

(MSD) ofmmolecules in conjunction with Einstein’s relationD := 1
6

limt→∞
d
dt

〈∑m
i=1

(
xi(t)−

xi(0)
)2
〉

where xi(t) − xi(0) is the displacement of the center of mass of the ith

molecule at time t relative to its position at time t = 0. The linear regime of variation
of the MDS with time (i.e. diffusive regime) was computed for several temperatures
and the constant slope D evaluated to give very good results as compared to experi-
mental values (table 3.2). The activation energy of diffusion, ED, obtained by fitting

Arrhenius’ formula, D = D0 e
−ED
RT , to the simulation data (table 3.2), 13.3 kJ mol−1,

is in excellent agreement with the experimental value 13.9 kJ mol−1 (−4.32 % error).

Table 3.2: Self diffusivity D [10−9 m2 s−1] of dioxane C4H8O2.

T [K] MD sim. Exp’t(Holz et al., 2000) Error [%]

298 1.07 1.089 −1.74

318 1.56 1.561 −0.06

343 2.2 2.407∗ −8.6
∗ Extrapolated.

The isothermal compressibility of dioxane can be computed by MD simulations
in at least two ways, namely, either using a series of NPT simulations at different
pressures to obtain κT := − 1

V
∂V
∂p

∣∣
T

by finite differences, or using (2.29) to compute

κT = V 2−V 2

V
1

kBT
within a single NPT MD simulation. We employed the latter option

and obtained good agreement with experimental data (table 3.3). More importantly,

Table 3.3: Isothermal compressibility κT [GPa−1] of dioxane C4H8O2.

T [K] MD sim. Exp’t(Villares et al., 2004) Error [%]

298 0.732 0.759 −3.56

318 0.983 0.873∗ −11.19

343 1.24 — —
∗ Extrapolated.

we establish that the isothermal compressibility increases with increasing tempera-
ture, thus the structure factor of the fluid (2.28) will also do so at q = 0; more on
this later.
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For later comparison with the structure factor calculations we computed (Humphrey
et al., 1996) the inter-molecular radial distribution function gCOM(r) (2.26) for the
dioxane molecular center of mass (COM), and several partial radial distribution func-
tions gαβ (2.31) (fig. 3.1). Dioxane is a classical van der Waals liquid (inset of fig. 3.1)
with an average coordination shell period of about 4.7 Å. The intra-molecular cor-
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Fig. 3.1: Computed (MD) radial distribution function of the molecular center of mass
of 1,4-dioxane (inset), and several partial radial distribution functions including intra-
molecular correlation peaks (r < 3 Å).

relations of atom pairs generate salient peaks in gCOM(r) at r < 3 Å (fig. 3.1). The
origin of three CC peaks, two OC peaks and one OO peak can be identified with the
chair conformation of the 1,4-dioxane molecule. The dioxane molecule coordination
number is defined as Nm

V

∫ r1
0

4πr2gCOM(r) dr, where r1 = 7.6 Å is the first minimum of
gCOM(r). The calculated coordination is found to be 12.6 which indicates that about
12–13 molecules, in average, surround any given dioxane molecule.

A central calculation procedure in this work is the computation of the static partial
structure factors (2.14), which can be more efficiently computed in the form

Sαβ(q) =
〈A∗αAβ〉√
NαNβ

,

=
δαβ〈|Aα|2〉+ (1− δαβ)〈A∗αAβ〉√

NαNβ

, (3.1)
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where Aα :=
∑Nα

i=1 e
ı q·xαi , and the complex conjugate product notation, A∗αAβ, is

meant to be its real part. The efficiency arises from using the product of two sums
(O(Nα+Nβ) operations) instead of a double sum as in (2.14) (O(NαNβ) operations).
Note that when α = β, (3.1) is clearly a non-negative real number. In view of the
periodic boundary conditions imposed in the simulation domain, the direct calculation
of (3.1) can only be made at wave vectors multiple of 2π

L
with L the length of the

simulation cubic domain with volume V . Therefore q = 2π
L

(q1, q2, q3), q1, q2, q3 =
1, 2, . . . Nq which sets a severe lower bound on q, that is, in our case qmin = 2π

97.54 Å
=

0.064 Å
−1

. The upper bound was chosen so to extend to qmax = 10 Å
−1

henceNq = 156
where a total of N3

q = 3 796 416 scattering vectors, q, are available; of those we used
only 3Nq as 2π

L
(i, 0, 0),2π

L
(0, i, 0), and 2π

L
(0, 0, i), i = 1, . . . , Nq.

Once partial structure factors are at hand, the corresponding differential scatter-
ing cross section can be computed through (2.9) or (2.10) using the total neutron
static structure factor (2.15); values for needed atomic scattering lengths are read-
ily available (table 3.4). We performed all calculations involving (3.1) with our own

Table 3.4: Bound neutron scattering lengths for atoms in dioxane (NIST website
www.nist.gov). The mole fraction of C4H8O2 in C4D8O2 is denoted x, hence a 99%
deuterated sample has x = 0.01. The α-nuclei atomic fraction wα assumes a dioxane
molecule is either fully deuterated or fully protiated. Coherent and incoherent cross
sections for deuterated dioxane C4D8O2 and protiated C4H8O2 are listed at the foot
of the table.

α-atom wα bα [fm] binc
α [fm]

O 1/7 5.803 0

C 2/7 6.6511 0

D 4
7

(1− x) 6.671 4.04

H 4
7
x −3.7406 25.274

σcoh
d8 = 5.388 b σinc

d8 = 1.172 b

σcoh
h8 = 3.198 b σinc

h8 = 45.869 b

computer codes.
In order to test our scattering calculation approach we computed κT of dioxane,

C4H8O2, using (2.34) and its limit κT = 1
mkBT

limq→0 S
inter
αβ (q) for different temper-

atures and different atom pairs, namely OO, CC, OC. The results (table 3.5) only
varied with temperature as expected, they were in very good agreement with experi-
mental values and the results from direct molecular dynamics simulations (table 3.3).
We expect the scattering-based results for κT to be improved with a greater sampling
of the q space, and with an increase of the MD simulation box so qmin is further
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reduced. As discussed earlier, this is a very expensive computational exercise. For

instance, to access a mere qmin = 0.01 Å
−1

, the MD box length would increase by a
factor of 6.4 leading to a simulation with over 23 million atoms.

Table 3.5: Isothermal compressibility κT [GPa−1] of dioxane C4H8O2 calculated via
neutron scattering on MD trajectories.

T [K] 1
mkBT

limq→0 S
inter
OO (q) Error [%]∗

298 0.67 −8.47

318 0.888 −9.66

343 1.3 4.84
∗ Relative to direct MD results (table 3.3).

4 Results and discussion

Liquid 1,4-dioxane is a low intensity scatterer as indicated by the magnitude of dΣ
dΩ

(fig. 4.1). Static differential scattering cross sections were obtained (fig 4.1) in the
extended q range for two temperatures, namely, 298.15 K and 343.15 K in the SANS-q
range for the two samples purchased from different vendors. The large-q range data
at 298.15 K with WANS was reproduced from Bako et al. The variability of results
with vendor sample is indicated in the graph of dΣ

dΩ
in the small-q range.

For comparison, our fully deuterated MD simulation curve of dΣ
dΩ

computed from
(2.10), (2.15a) and (3.1) (see sec. 3.2) is superimposed on the experimental data
(fig. 4.1) demonstrating excellent agreement with both the SANS and WANS data

near the first structural peak. The peak is located at q1 = 1.37 Å
−1

which corresponds
to a separation distance of d = 2π

q1
= 4.6 Å. This value is in close agreement with the

average coordination shell period of 4.7 Å (fig. 3.1). The primary peak width of dΣ
dΩ

is measured as 0.36 Å−1 (fig. 4.1), that is, the full width at the half peak maximum
indicates what the correlation length of the system should be, thus 2π

0.36 Å
−1 = 17.5 Å

which agrees with the point where the oscillations of the COM radial distribution
function begin to die off (fig. 3.1). Hence, here too great agreement between MD
simulations and measured neutron scattering is obtained.

The encouraging aforementioned results are moderated by striking discrepancies
between measurements and simulations. First, there is the departure of the SANS

data from the WANS data on the left side (q ≈ 1 Å
−1

) of the first structural peak

followed by a convex upturn in the 0.6 Å
−1 ≤ q ≤ 1 Å

−1
range with an inflection to

a concave smaller-q range (q ≤ 0.6 Å
−1

). Note that in spite of the reduced accuracy
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of the WANS data in the small-q region, there is good agreement with the MD
simulation results on the left side of the peak and the peak’s position. A concave
trend in the small-q range is also observed in the MD simulation results but with a
glaring vertical shift. In addition, the peak’s height and position of the SANS data

are not in agreement with the WANS data because q > 1 Å
−1

is at the limits of the
instrument range and difficult to properly normalize. That is to say, the WANS data
should be more reliable than the SANS data. A second observation is that on the
large-q range, to the right of the first structural peak, the simulation results also seem
shifted downward but much less than the shift observed in the small-q range.

We investigated these issues by performing MD simulations of systems with in-
creased content of protiated dioxane to elucidate the non-uniform shifting of the
scattering intensity with respect to the simulation results (fig. 4.2). Here a dioxane
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Fig. 4.2: MD simulation results with increased molar fraction of protiated dioxane
at 298 K. Note that the upward shift of curves is not just a vertical translation at
small-q; this indicates that coherent effects are present.

molecule is simulated either fully deuterated or fully protiated. The simulations were
carried out with the same force field parameters for all levels of deuteration, therefore
it is the interaction of neutrons and atoms, via the atomic scattering length, and
molar fractions, and selected partial structure factors (shown later) that affect the
resulting scattering.
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By virtue of (2.10) and (2.16), the differential scattering cross section is

dΣ

dΩ
(q) ≈ n

M∑
α=1

M∑
β=1

√
wαwβ bαbβ Sαβ(q) +

n

4π
σinc, (4.1)

where the results obtained (fig. 4.2) demonstrate that the incoherence background
dominates the variation of dΣ

dΩ
in the large-q range for all molar fractions of protiated

dioxane. That is, increasing levels of protiated dioxane lead to a uniform vertical
shift of dΣ

dΩ
in the large-q range. Here the incoherent background for a fully deuter-

ated system is n
4π
σinc

d8 = 9× 10−3 cm−1 sr−1, and n
4π
σinc

h8 = 0.352 cm−1 sr−1 for a fully
protiated system (all systems have n = 96.55 atom nm−3 at 298 K). Therefore it is
clear that simple subtraction of a constant incoherent background does not account
for the results (fig. 4.2).

At the position of the first structural peak and smaller-q range there exists a
non-uniform increase of dΣ

dΩ
, with protiated dioxane, up to the equimolar fraction.

This variation is the result of the combination of a coherent scattering change with
molar fraction, and an incoherent background. With a fully protiated dioxane, the
scattering intensity becomes dominated by the incoherent background and therefore
featureless; except for the remaining broadened peaks (top curve, fig. 4.2). Therefore,
we have identified the source of disagreement between experimental measurements
and simulations as the degree of protiation of the sample, and we have also quantified
the difference as a very sensitive function of the amounts of protiation. For instance,
a 2 % mole fraction of C4H8O2 can lead to ≈ 91 % higher scattering intensity in the
small-q range (fig. 4.2).

To gain further insight into the discrepancies of measured and computed dΣ
dΩ

we
calculated its coherent part, first term on the right side of (4.1), as a function of
the protiated dioxane molar fraction (figs. 4.3 and 4.4). Its variation increases with
molar fraction up to equimolar (fig. 4.3), and decreases (to nearly zero) with molar
fractions greater than 0.75 (fig. 4.4) for all values of q smaller than the first structural
peak. Furthermore, there is relative less effect of the C4H8O2 molar fraction on
the coherent intensity in the q range greater than the structural peak position. In
this range, it is noted a reverse variation with molar fraction, i.e. the intensity of
scattering decreases up to equimolar molar fraction, then goes back again to almost
initial levels with increasing molar fraction. Also, the second structural peak is lost
with increasing molar fraction. These data (figs. 4.3 and 4.4) uncover the origin of
the non-uniform variation of dΣ

dΩ
with respect to hydrogen content (fig. 4.2) and shows

that the coherent scattering intensity variation has a maximum around the equimolar
fraction in the whole small-q range.

The behavior of the coherent part of (4.1) with varying protiation molar fraction
(fig. 4.3 and 4.4) still remains to be understood. To that end, we looked at each con-
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(up to equimolar) of protiated dioxane at 298 K. Note coherent scattering affects the
large-q intensity (after the first peak) by translating the curves vertically. An effect
that is often attributed by authors to a flat incoherent background.
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tribution of the weighed partial structure factors in the double sum of (4.1) (figs. 4.5,
4.6, 4.7, 4.8, 4.12, and 4.14). In the fully deuterated case, interference of all weighted
structure factors is constructive for the small-q range (fig. 4.5, inset), and only three
pairs contribute to destructive interference in the large-q range, namely OC, OD, and
CD (note negative values in fig. 4.5). We established earlier that the first structural
peak is of inter-molecular origin. Specifically, the weighted partial structure factors
of the pairs CC, OC, CD are the main contributors to the formation of this peak.
The second structural peak (intra-molecular origin) is the result of the constructive
interference of the scattering of DD, CD, and CC pairs. While OD and OC contribute
for the trough between the first and second peaks.
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Fig. 4.5: Computed (MD) weighted partial structure factors contribution,
n
√
wαwβ bαbβ Sαβ(q), for all 6 pairs of the fully deuterated system at 298 K. DD >

CD > OD are the main contributors in the small-q range. The primary contributors
to the first structural peak are CC > OC > CD. The large-q primary contributors are
DD > CC.

The introduction of protiated dioxane at 2 % prompts a net increase of scattering
intensity at small q (note the “sum” curve above 0.0125 cm−1 sr−1 in the inset of
fig. 4.6) resulting from the new pair DH, and an increase in contribution from DD.
The latter seems counter intuitive if the amount of D has decreased; this is related
to a large length scale chemical inhomogeneity described later. As a reminder, the
protiation scheme employed here is such that either a molecule is fully protiated or
fully deuterated, therefore the DH contribution is only of inter-molecular origin.
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With increased molar fraction of 10 %, additional net scattering intensity is pre-
dicted at small-q with dominant contribution from DD and twice DH (note “sum”
curve above 0.025 cm−1 sr−1 in the inset of fig. 4.7). Note that at large-q DD con-
tributes significantly to the total scattering intensity while DH vanishes; the latter
happens because the corresponding pair correlation is purely inter-molecular and it
dies out very quickly with increasing q. There is virtually no reduction of the peak
intensity, or any of the large-q structure. Note that a noticeable inter-molecular co-
herent scattering contribution at small-q from the HH pair also emerges and vanishes
at larger q for the same reason as DH.
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Fig. 4.6: Computed (MD) weighted partial structure factors contribution for all 10
pairs at 2 % molar fraction protiation at 298 K. DD > CD > DH are the main
contributors in the small-q range. All other contributors as in fig. 4.5.

At equimolar fraction of protiated dioxane, the coherent scattering reaches its
maximum in the small-q range and the contribution of the DD pair is primarily inter-
molecular (fig. 4.8). Furthermore the contribution of DH equals that of DD, and
HH also has a secondary role in contributing to an increase of coherent scattering
in the small-q range. These results explain the increase of the contribution from the
DD pair in the small-q range with reducing amounts of D. The contribution of DD
increases due to inter-molecular coherent scattering, i.e., with increased protiated
fraction comes increased long wavelength chemical inhomogeneity. Here, at equimo-
lar quantity, this inhomogeneity reaches its maximum. This is readily seen when
comparing the partial structure factor SDD at 0 %, 10 %, and 50 % protiation levels
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Fig. 4.7: Computed (MD) weighted partial structure factors contribution for all 10
pairs at 10 % molar fraction protiation at 298 K. DD > DH > HH are the main
contributors in the small-q range. The primary contributors to the larger-q range
remain the same as with 2 % molar fraction (fig. 4.6).

(figs. 4.9, 4.10, 4.11) and its coherent contribution, nwD b
2

D SDD(q), to the differential
scattering cross section. Still at equimolar fraction conditions, one observes that the
small (negative) coherent scattering length of hydrogen reduces the intensity of all
dissimilar pairs involving H in the large-q range (fig. 4.8).

We show results for 90 % molar fraction of protiated dioxane (fig. 4.12), for con-
sistency, and demonstration that the contribution from the DH pair is the same as in
the 10 % case (fig. 4.7), as it had to be since the scattering for the two cases have the
same contrast. That is to say, the DH contribution, n

√
wDwH bDbH SDH(q), is the

same for 10 % or 90 % molar fractions since the product of the weights is the same,
and SDH(q) is also the same for all pairs of conjugated molar fractions (compare
figs. 4.10 and 4.13); this is known as the Babinet’s principle. The contribution of the
CD pair causes destructive interference primarily under the first structural peak and
therefore contributes significantly for the reduction of this peak height (fig. 4.12).

In the absence of deuteration, the anti-correlation of the CH and OH pairs balance
the constructive interference of the remaining pairs to give an almost null coherent
scattering intensity in the small-q range (fig. 4.14).

Equipped with unique insight provided by (MD) simulations, we carried out simu-
lations with different amounts of protiated dioxane and found that 4 % molar fraction
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Fig. 4.8: Computed (MD) weighted partial structure factors contribution for all 10
pairs at 50 % molar fraction protiation at 298 K. DD ≈ DH are the main contributors
in the small-q range. The primary contributors to the larger-q range remain similar
as with 10 % molar fraction (fig. 4.7) but now the CH pair has a noticeable destructive
contribution under the first peak.
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Fig. 4.9: Computed (MD) true partial structure factors for either fully deuterated or
fully protiated dioxane (replace D with H in the legend) at 298 K. Note limq→∞ Sαβ =
δαβ.
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Fig. 4.10: Computed (MD) true partial structure factors at 10 % molar fraction
protiation at 298 K.
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Fig. 4.11: Computed (MD) true partial structure factors at 50 % molar fraction
protiation at 298 K.
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Fig. 4.12: Computed (MD) weighted partial structure factors contribution for all 10
pairs at 90 % molar fraction protiation and 298 K. DH ≈ CH are the main con-
tributors in the small-q range. The primary contributors to the larger-q range are
CC > DD. Now CD produces a negative contribution under the primary peak.
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Fig. 4.13: Computed (MD) true partial structure factors at 90 % molar fraction
protiation at 298 K.
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Fig. 4.14: Computed (MD) weighted partial structure factors contribution for all 6
pairs of the fully protiated system at 298 K. CC > OC are the main contributors in
the small-q range. The primary contributors to the larger-q range are CC > HH with
a destructive contribution from CH and OH under the main peak.
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of C4H8O2 in C4D8O2 at 298 K produces results that match closely the SANS data,
similarly, 5 % at 343 K (fig. 4.15) for the same sample. Furthermore, we found that
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Fig. 4.15: Left: Comparison of experimental data and MD simulation of the dif-
ferential scattering cross section at two temperatures from a single sample. Right:
snapshot of an MD simulation (red: oxygen atom, dark gray: carbon atom, light gray:
deuterium atom).

2 % molar fraction of C4H8O2 in C4D8O2 at 298 K matches the large-q range WANS
data (fig. 4.15). Given the variability of the SANS experimental data (fig. 4.1) with
respect to vendor and their quoted uncertainty on the percentage of deuteration (1 %),
the MD simulation results are deemed in excellent agreement with experimental re-
sults (fig. 4.15); except in the heel region to the left of the first structural peak (to
be discussed later).

Note we were able to reconcile simulation and experimental results by adding rea-
sonable amounts of H to the simulated deuterated liquid at two different temperatures
(fig. 4.15). The amounts of H needed for this outcome differ only by a few percent.
Therefore we conjecture that in practice the percentage of deuteration quoted by ven-
dors may be less than 99 % and/or additional controls are needed to produce higher
quality deuterated samples in experiments.

In addition, we varied the scheme of protiation used from a) either a molecule is
fully protiated or fully deuterated to b) random protiation of molecules. The results
obtained differ significantly. That is, in b) almost all the coherence in the small-q
range is destroyed. While in a) the results closely match the measured scattering
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intensity. In view of these findings, we are led to speculate that the chemical deuter-
ation process is likely to leave a molecule either fully deuterated or not deuterated at
all.

We investigated the effect of temperature on the scattering intensity (fig. 4.16).
In the small-q range scattering is increased while in the large-q range, the opposite

10
-1

10
0

10
1

q [Å
-1

]

10
-2

2

3

4

5

6
7

10
-1



d

Σ

d
Ω

[c
m

-1
sr

-1
]

298.15 K

318.15 K

343.15 K

Fig. 4.16: Variation of the MD simulated differential scattering cross section with
temperature for fully deuterated 1,4-dioxane.

occurs. In view of the decrease of the atom number density n with temperature
(table 3.1) the behavior in the small-q range seems unexpected according to (2.10),
which indicates the scattering intensity should decrease if the neutron total structure
factor is not largely affected by temperature. However there is indeed a noticeable
variation of Sn(q) in the small-q range as predicted by MD simulations (fig. 4.17) and
the variation is sufficient to offset the decrease of n with temperature. Specifically, the
weighted partial structure factors all increase with raising temperature in the small-
q range, with the DD and CD pairs contributing the most (compare fig. 4.18 and
4.19). In this region, higher thermal fluctuation will increase the inhomogeneity of
the sample and generate stronger interference of scattered neutrons. This is in accord
with the reduction of the scattering intensity in the large-q range where thermal
effects are less likely to affect the intra-molecular structure. Therefore the scattering
intensity follows the reduction of the atomic number density n at large q.

We offer an explanation of the undershooting of the MD simulations at the heel
region (fig. 4.15 and fig. 4.20), just before the first structural peak, based on inelastic
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Fig. 4.17: Variation of the MD simulated total neutron structure factor with tem-
perature for fully deuterated dioxane.
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Fig. 4.18: Computed (MD) fully deuterated weighted partial structure factors and
the total neutron structure factor (sum of partial factors) at 298 K. The weights are
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Fig. 4.19: Computed (MD) fully deuterated weighted partial structure factors and
the total neutron structure factor (sum of partial factors) at 343 K. The weights are
4π
σcoh

√
wαwβ bαbβ (2.15b).

scattering effects present on instruments using the time-of-flight approach to deter-
mine the wavelength of a scattered neutron (Do et al., 2014). Since the incoherent
scattering cross section of hydrogen is large, an adverse effect can be noticed for low
scattering liquids such as dioxane when even a small amount of hydrogen is present.
For samples at elevated temperature there is a high probability for the neutron to gain
energy when it scatters from hydrogen. These neutrons will arrive at the detector
sooner than expected, overlapping in time with elastically scattered short-wavelength
neutrons increasing their apparent count rate; thus increased measured intensity. De-
tailed modeling of this effect depends on the specifics of the molecular system under
investigation and it is not a light undertaking. Instead, we advance the simple assump-
tion that the effect is more likely to be caused by neutrons in the higher energy band
used in our experiments, i.e., 2 to 6.3 Å. Therefore, we can estimate the q-range where
a conventional time-of-flight data reduction can be adversely affected by using the end
points of the high-energy band, 2 Å and 6.3 Å, the distance from sample to detector,
1.3 m, and the detector size, 1 m×1 m. Thus the maximum q = 4π

λ
sin θ for each λ end

point is obtained at maximum half scattering angle, ≈ 1/2 arctan(0.5/1.3) = 10.5◦,

which leads to the estimated range 0.4 Å
−1 ≤ q ≤ 1.1 Å

−1
. By subtracting the MD

simulation results from the experimental SANS data (fig. 4.21) we find the difference
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to be noticeable in the range 0.61 Å
−1 ≤ q ≤ 0.94 Å

−1
which is in good agreement

with the estimated range of up-scattering effect. In addition, we observe the effect to
be of the same magnitude (fig. 4.21) for both temperatures in the experiment. This
is in agreement with the relatively short distance from the sample to the detector
implying that up-scattering to an energy characteristic of either of the two sample
temperatures will have approximately the same effect on the measured data; this
further supports the foregoing conjecture.
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Fig. 4.20: Zoom-in of the heel region to the left of the first structural peak (fig. 4.1).
Comparison of experimental data and MD simulation of the differential scattering
cross section.

5 Conclusions

The original intent of this study was to validate the force field of classical molecular
dynamics simulations applied to 1,4-dioxane liquid using static neutron scattering
measurements (Thomas et al., 2007). This trend is becoming more attractive as
scattering instruments become more sophisticated. Our comparison of experimental
SANS and WANS data to computational results reveled disagreement in most of the
q range measured; in particular, the small-q region (SANS). However after careful
examination of the experimental data we found that the disagreement could be rec-
onciled by performing simulations with higher levels of protiation than indicated by
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Fig. 4.21: Difference between EQ-SANS scattering and MD simulations near the heel
region (fig. 4.20). This represents an estimate of the inelastic scattering effect in the
experimental data.

the suppliers of 1,4-dioxane-d8. Even small amounts of residual H affect substantially
the small-angle scattering intensity because of the coherent scattering caused by the
HD and DD atom pairs. We demonstrate this by extensive analysis of all computed
partial structure factors as compared to the measured neutron total structure factor.
The increased coherent scattering intensity obtained with additional residual H is a
maximum at equimolar concentration and when the fluid is modeled as a mixture of
molecules either fully deuterated or fully protiated.

In addition to the foregoing, instrument artifacts can create apparent disagree-
ment between simulations and experimental data. In particular, instruments that
rely on time-of-flight methods to determine neutron wavelength suffer from inelastic
scattering events that change the neutron energy and thereby change the arrival time
at the detector. We conjecture that this is the cause of the discrepancy in the heel
region of our data. Although inelastic effects can be minimized in the data reduc-
tion, they cannot be fully eliminated, in particular for low scattering liquids (Soper,
2013).

Therefore what was initially an attempt to calibrate/validate a simulation method
with experimental data, turned into understanding the experimental data using sim-
ulation results. This situation is likely to be found in similar studies and illustrates
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that caution needs to be exercised in this particular area where scattering data is used
to improve or validate molecular dynamics force fields (Houteghem et al., 2014).
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