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ANOTEONTHETOTAL LEASTSQUARES PROBLEM

FORCOPLANARPOINTS

St even L. Lee

Abstract

The Total Le a st Squa re s (TLS ) �t t o t h e po int s ( xk; yk) , k = 1; � � �; n,

mi n i mi ze s t h e s um o f t h e s q u a r e s o f t h e perpendicular di s t a n ce s f r o m t

p o i n t s t o t h e l i n e . Th i s s umi s t h e TLS e r r o r , a n d mi n i mi z i n g i t s ma

i s a p p r o p r i a t e i f xk a n d yk a r e u n c e r t a i n . A p r i o r i f o r mu l a s f o r t h e TLS

� t a n d TLS e r r o r t o c o p l a n a r p o i n t s we r e o r i g i n a l l y d e r i ve d by P

i n [Phi l . Mag. , 2 ( 1 901 ) , p p . 55 9 -5 72 ], a n d t h e y a r e e xp r e s s e d i n t e r ms

t h e me a n , s t a n d a r d d e v i a t i o n a n d c o r r e l a t i o n c o e �c i e n t o f t h e

t h i s n o t e , t h e s e TLS f o r mu l a s a r e d e r i v e d i n a mo r e e l e me n t a r y f

Th e TLS � t i s o b t a i n e d v i a t h e o r d i n a r y l e a s t s q u a r e s p r o b l e m a

a l g e b r a i c p r o p e r t i e s o f c o mp l e x n umb e r s . Th e TLS e r r o r i s f o r mu

t e r ms o f t h e t r i a n g l e i n e q u a l i t y f o r c o mp l e x n umb e r s .

- v -



1. Int roduct ion

Gi ven t he s et of poi nt s (xk; yk), k = 1; � � �; n, i t i s of t en des i r abl e t o �nd t he

s t r ai ght l i ne

y=�x+ � ( 1)

t hat mi ni mi zes t he s umof t he s quar es of t he perpendicular di s t ances f r omt he

poi nt s t o t he l i ne. Pr oper l y s peaki ng, t he above i s a t ot al l eas t s quar es (TLS)

pr obl em. The des i r ed l i ne i s t he TLS �t t o t he poi nt s (xk; yk) , and t he TLS er r or

i s t he s umt o be mi ni mi zed. Such a �t t i ng i s appr opr i at e i f xk and yk ar e s ubject

t o er r or . For s ome addi t i onal di s cus s i on of t hi s t opi c, s ee t he r ecent paper by

Ni ever gel t [4], and t he r ef er ences t her ei n. An anal ys i s of t hi s pr obl em, and mor e

gener al TLS pr obl ems , i s al s o gi ven by Gol ub and an Loan i n [ 1] and by an

Hu�el and anderwal l e i n [ 2] .

. ai n r es ult s

I n t he l eas t s quar es ( LS) pr obl em, we ar e i nt er es t ed i n �ndi ng t he s t r ai ght l i ne

y=ax+b t hat mi ni mi zes t he s umof t he s quar es of t he ver t i cal di s t ances f r omt he

poi nt s (xk; yk) t o t he l i ne. I t i s wel l known t hat t he s ol ut i on t o t he LS pr obl em

can be obt ai ned by s ol vi ng t he f ol l owi ng s ys t emof \normal equat i ons ":

n xk

xk x2
k

b

a
=

yk

xkyk
: ( 2)

The s ol ut i on i s uni que, unl es s x1 = � � � = x n ( i . e . , t he poi nt s ar e ver t i cal l y

al i gned) .

e can l ear n a gr eat deal about t he TLS pr obl emby �r s t t r ans f ormi ng i t i nt o

a LS pr obl emand t hen appl yi ng t he normal equat i ons ( 2) . A f ew obs er vat i ons

ar e needed bef or e pur s ui ng t hi s appr oach. I n par t i cul ar , f or t he mean val ues

�x =
1

n
xk and �y =

1

n
yk; ( 3)

l et

~xk =x k � �x and ~yk =y k ��y ( 4)

s o t hat t he TLS �t t o t he poi nt s ( ~xk; ~yk) pas s es t hr ough t he or i gi n [ 4, pg. 259] .
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The TLS s l ope �and TLS er r or ar e una�ect ed by t hi s t r ans l at i on. e now

pr oceed t o wor k i n t erms of ( ~xk; ~yk) t o det ermi ne t he s l ope and angl e at whi ch

t he TLS �t cr os s es t he or i gi n. For not at i onal conveni ence, l et 's denot e t hes e

cent er ed poi nt s as t he compl ex number s

~zk =~xk +i ~yk; ( 5)

and l et

0 � � ( 6)

denot e t he angl e ( i n t he count er cl ockwi s e di r ect i on) t hat t he TLS �t makes wi t h

t he pos i t i ve r eal axi s . Thus , we have t he t r i vi al r el at i ons t hat s l ope �=t an( �)

and � =t an�1(�) . The anal ys i s t hat f ol l ows i s s i mpl er i f we wor k i n t erms of �.

I n pr i nci pl e, we can t r ans f ormt he TLS pr obl emi nt o a LS pr obl emby r ot at i ng

t he poi nt s ~zk by �� s o t hat t he TLS �t t o t he poi nt s

k =e �i� ~zk ( 7)

l i es al ong t he r eal axi s . The TLS er r or t o t he poi nt s ~zk i s una�ect ed by t hi s

r ot at i on, and t he per pendi cul ar di s t ances f r omt he poi nt sk t o t he TLS �t l i e

s t r i ct l y i n t he ver t i cal di r ect i on. I n t hi s way, we es t abl i s h t he r eal axi s as t

s ol ut i on t o a TLS and LS pr obl em.

Al t hough t he � i n ( 7) i s unknown, we can det ermi ne s ome of i t s bas i c pr op-

er t i es by appl yi ng t he normal equat i ons ( 2) t o t he poi nt sk; namel y,

n Re ( k)

Re ( k) Re 2( k)

b

a
=

Im( k)

Re ( k) Im( k)
: ( 8)

Equat i on ( 8) has t he s ol ut i on a=0, b=0 s i nce t he r eal axi s i s t he LS �t t o t he

poi nt s ( 7) . as ed on t hi s uni que LS s ol ut i on, t he r i ght - hand s i de of ( 8) mus t al s o

be zer o, and we �nd t hat t he unknown � s at i s �es

Im( e�i �~zk) =0 ( 9)

and

Re ( e�i �~zk) Im( e
�i �~zk) =0: ( 10)

The �r s t condi t i on ( 9) s ays t hat t he s umof t he per pendi cul ar s ,k, i s zer o. The
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s econd condi t i on ( 10) i s al s o val uabl e s i nce t he s ummat i on of cr os s t erms s ugges t s

a s t r at egy f or expl i ci t l y det ermi ni ng �. Lat er , we s how t hat we can obt ai n t he

t ot al l eas t s quar es er r or ,

TLS er r or j kj
2 = Im2( e�i �~zk) ; ( 11)

vi a a f ormul a t hat does not i nvol ve �.

To deduce t he TLS angl e �, we begi n by expandi ng t he t erm

= ( e�i �~zk)
2 ( 12)

= Re ( e�i �~zk) +iIm( e�i �~zk)
2

( 13)

= Re 2( e�i �~zk) � Im2( e�i �~zk) +2i Re ( e�i �~zk) Im( e
�i �~zk) :( 14)

Not i ce t hat t he s ummat i on of cr os s t erms , i n cur l y br acket s , i s zer o due t o con-

di t i on ( 10) . Thus , t he t hi r d i mpor t ant pr oper t y of t he unknown � i s t hat i s a

r eal number .

To pr oceed f ur t her , we now comput e t he compl ex number

s = ~z2
k

( 15)

and s i mpl i f y t he t erm

= ( e�i �~zk)
2 =e �2i � ~z2

k
=e �2i �s ( 16)

t o get t he exponent i al f orm

s= e 2i �: ( 17)

e can es t abl i s h as a pos i t i ve r eal number by denot i ng 0 2� 2� as t he

angl e ( i n t he count er cl ockwi s e di r ect i on) t hat smakes wi t h t he pos i t i ve r eal axi s .

y wor ki ng wi t h t he compl ex f ormof s, we can exhi bi t t he r eal and i magi nar y

par t s vi a

s= ~z2
k
= ( ~xk +i ~yk)

2 = ~x2
k
� ~y2

k
+2i ~xk~yk ( 18)

and, f or t he angl e i n t he exponent i al f orm, det ermi ne t hat

t an( 2�) =
Im( s)

Re ( s)
=

2 ~xk~yk
~x2
k
� ~y2

k

: ( 19)
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I n gener al , t her e ar e two val ues of � t hat s at i s f y ( 19) ; t hes e two val ues wi l l

di �er by � 2. The TLS angl e i s t he one t hat al s o s at i s �es ( 9) . Ot her appr oaches

t o der i vi ng ( 19) appear i n [ 5] and [ 3, Chapt er 13, Sect i on 4] . I f t an( �) i s de�ned,

we t hen have t he TLS s l ope �=t an( �) . The poi nt - s l ope f orm

y�� y =�(x�� x) ( 20)

can be us ed t o obt ai n t he �t ermof t he TLS �t ( 1) .

An a pr i or i f ormul a f or t he TLS er r or comes f r om

je�i �~zkj
2 = j~zkj

2 ( 21)

and t he f ol l owi ng l emma.

Le a 2.1. o o s s s � o o s ~zk,

( e�i �~zk)
2 =

�
�
� ~z2

k

�
�
� : ( 22)

P : Fr om( 12) , we have

( e�i �~zk)
2 = : ( 23)

Fr omt he exponent i al f ormof s i n ( 17) , we know t hat equal s t he magni t ude

of s. Thus , we �ni s h wi t h

=jsj =
�
�
� ~z2

k

�
�
� : ( 24)

For t he TLS angl e �, we can al s o s how t hat

je�i �~zkj
2 = Re 2( e�i �~zk) + Im2( e�i �~zk) ( 25)

and, f r om( 12) {( 14) ,

( e�i �~zk)
2 = Re 2( e�i �~zk) � Im2( e�i �~zk) : ( 26)
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At t hi s s t age, not i ce t hat ( 25) and ( 26) di �er by

2 Im2( e�i �~zk) ; ( 27)

whi ch i s pr eci s el y twi ce t he TLS er r or f or t he pr obl em; s ee ( 11) . Mor eover , ( 21)

and ( 22) s how t hat t hi s di �er ence i s a r eadi l y comput abl e quant i t y; namel y,

2 (TLS er r or) = j~zkj
2 �

�
�
� ~z2

k

�
�
� : ( 28)

T e e 2. 2. o s (xk; yk) , k=1; � � � ; n,

zk =x k +iy k and �z =
1

n
zk ( 29)

so

~zk =z k ��z: ( 30)

o o o s s s s

j kj
2 =

1

2
j~zkj

2 �
�
�
� ~z2

k

�
�
� ; ( 31)

j kj s s o (xk; yk) o .

P : The t heor emf ol l ows f r om( 28) .

The TLS er r or f ormul a i n ( 31) i s a conci s e ver s i on of Pear s on' s f ormul a [ 5,

pg. 566] . For compar i s on, not e t hat t he l at t er r es ul t r educes t o

j kj
2 =

1

2
~x2
k
+ ~y2

k
� ~x2

k
� ~y2

k

2

+4 ~xk~yk
2

1 2

: ( 32)

Mor eover , by ar r angi ng t he f ormul a ( 31) as

�
�
� ~z2

k

�
�
� +2 j kj

2 = j~zkj
2; ( 33)

we can dr op t he t erm2 j kj2 and t her eby obt ai n t he t r i angl e i nequal i t y

�
�
� ~z2

k

�
�
� j~z2

k
j = j~zkj

2 ( 34)

as a s peci al cas e. Thus , ( 33) es t abl i s hes an i mpor t ant r el at i on between t he TLS

er r or t o zk and t he t r i angl e i nequal i t y f or ~z2
k
. I n par t i cul ar , we �nd t hat t he er r or
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i n t he TLS �t equal s hal f t he \er r or " i n t he t r i angl e i nequal i t y f or t he s quar e of

t he cent er ed poi nt s , ~z2
k
( s ee Theor em2. 2) .

Unf or t unat el y, t hi s new der i vat i on f or t he TLS �t and TLS er r or does not

gener al i ze t o hi gher di mens i ons . Al gor i t hms f or �t t i ng a hyper pl ane t o hi gher -

di mens i onal dat a ar e des cr i bed i n [ 1, 4] .
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