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ABSTRACT

Convergence properties of Legendre expansion of a Doppler-broadened double-differential elastic
neutron scattering cross section of 238U near the 6.67 eV resonance at temperature 103 K are
studied. A variance of Legendre expansion from a reference Monte Carlo computation is used as a
measure of convergence and is computed for as many as 15 terms in the Legendre expansion.
When the outgoing energy equals the incoming energy, it is found that the Legendre expansion
converges very slowly. Therefore, a supplementary method of computing many higher-order terms
is suggested and employed for this special case.

Key Words: Doppler broadening, Legendre moments, double-differential elastic scattering,
resonance

1. INTRODUCTION

Scattering kernels that account for Doppler broadening due to thermal motion of the target nuclei
are important for accurate neutron transport computations. An analytical expression for Legendre
moments of Doppler-broadened double-differential elastic neutron scattering near low-energy
resonances of heavy targets was derived by Ouisloumen and Sanchez in [1], but its usage was
limited to the lowest-order Legendre moment because of complicated expressions and high
computational requirements needed to compute higher moments. Computation of higher-order
Legendre moments was made possible by a method developed and implemented in [2] in which
the first six Legendre moments were presented and checked against a reference Monte Carlo
computation. The same method was used to compute the lowest 15 Legendre moments (as well as
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their covariance matrix) from which a double-differential cross section (and its variance) were
computed in [3].

The Monte Carlo code developed by Becker et al. in [4,5] was used to compute Legendre
moments that were used to test those computed by a deterministic method in [2,3]. Although an
excellent agreement was found between Legendre moments computed by the two methods, it was
not determined how many terms in the Legendre expansion are needed to accurately compute a
double-differential cross section. That is the motivation for this work.

Therefore, we investigate convergence of the Legendre expansion computed deterministically
against a reference Monte Carlo computation of double-differential cross sections for incoming
energy 6.5 and 6.8 eV, that is, just below and above the 6.67 eV resonance of 238U, where the
effects of up- and down-scattering, respectively, are known to be significant. We also suggest a
method that overcomes a slow convergence of Legendre expansion when the outgoing neutron
energy equals the incoming neutron energy, an issue that was identified in [3].

2. FORMALISM

In this work we will study convergence properties of a Doppler-broadened double-differential
elastic scattering cross section computed deterministically via a Legendre expansion:

σTNs (E → E ′, µlab) =
N∑
n=0

(n+ 1/2)σTsn(E → E ′)Pn(µlab), (1)

where T is the temperature; µlab ≡ cos 6 (~v,~v′), ~v and ~v′ are the initial and the final velocity
corresponding to the initial and the final energy E and E ′ in the laboratory frame, respectively;
Pn(µlab) are the Legendre polynomials; and the summation stops at N . We will study how this
Legendre expansion converges to a Monte Carlo reference computation of a double-differential
cross section, as a function of N .

An expression for the nth-order Legendre moment (in the lab frame) of an isotropic angular
distribution in the center-of-mass frame taken from [1] is

σTsn(E → E ′) =
β5/2

4E
eE/kT

∫ ∞
0

tσtab
s (E ′′(t))e−t

2/Aψn(t)dt, (2)

where E and E ′ are the incident and outgoing neutron energies in the laboratory frame, T is the
temperature in degrees Kelvin, k is the Boltzmann constant, β ≡ (A+ 1)/A, A is the target mass
in units of neutron mass m, E ′′(t) ≡ βkT t2/A is an energy in the lab frame, and σtab

s (Elab) is a
tabulated elastic scattering cross section ∗ at zero degrees Kelvin. The ψn(t) is computed via Eqs.
(13–26) of [2], where ψn(t) is the ψn0(t) in a generalized notation introduced in [2]. The
integration variable t is related to the neutron velocity u in the center-of-mass frame as
t = u

√
(A+ 1)m/(2kT ).

∗Usually given as a function of energy in the lab frame.
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3. RESULTS

Legendre moments σTsn(E → E ′) in Eq. (2) were computed in [3] for n = 0, ..., 14, for incoming
energies E =6.5 and 6.8 eV, at T = 103 K. These Legendre moments are used here to study
convergence properties of Legendre expansion in Eq. (1) for N = 0, ..., 14, and are plotted in
Fig. 1 for completeness. It was observed by Ouisloumen and Sanchez in [1] that maxima of
Legendre moments occur “at E ′ = E due to the fact that all collisions can produce neutrons with
energy E ′ = E, whereas this is not the case for any other value of E ′”. In the context of this
work, an unfortunate consequence of the maxima at E ′ = E is slow convergence of Legendre
expansion at E ′ = E, as will be explained below.
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Figure 1. Legendre moments σTsn(E → E ′), n = 0, . . . , 14 of 238U elastic neutron scattering
cross section for incoming energy E =6.5 eV (left) and 6.8 eV (right), at temperature T =
103 K, from [3] were used in this work.

A Legendre expansion using these moments is to be compared with a reference Monte Carlo
computation of double-differential cross section. Since the angular dependence of a reference
Monte Carlo double-differential cross section is reported for 16 equal bins of µ spanning [−1, 1],
that is for bins [µi, µi+1], where µi = 1− (i− 1)∆µ, i = 1, ..., 16, and ∆µ = 2/16 = 0.125, a
corresponding quantity computed via Legendre expansion, which will be used below to study
convergence, is

σTNs (E → E ′, i) ≡
∫ µi

µi+1

σTNs (E → E ′, µ)dµ, (3)

where µ is in the lab frame, for 0 ≤ N ≤ 14. The integration over dµ was performed analytically:∫ µi

µi+1

Pn(µ′)dµ′ =
1

2n+ 1
[Pn+1(µ)− Pn−1(µ)]|µiµi+1

. (4)

A plot of σTNs (E → E ′, i) for N = 5, 10, 14 at T = 103 K shows how it converges toward a
reference Monte Carlo computation with increasing N : for E = 6.5 eV in Fig. 2 for i = 1, ..., 8,
and in Fig. 3 for i = 9, ..., 16, and for E = 6.8 eV in Fig. 4 for i = 1, ..., 8, and in Fig. 5 for
i = 9, ..., 16. The plots indicate a satisfactory convergence is reached for N = 14 everywhere
except for E ′ = E, for which a supplementary method is suggested below.

2012 Advances in Reactor Physics Linking Research, Industry, and Education (PHYSOR 2012)
Knoxville, Tennessee, USA April 15-20, 2012

3/11



G. Arbanas, B. Becker, R. Dagan, et al.

!"

#"

$!"

$#"

%!"

%#"

&'!" &'$" &'%" &'(" &')" &'#" &'&" &'*" &'+" &'," *'!"

!
!"#

$%$
&$
!!"

#&
'$(
$)$
*$
+ 
$#%
#&
#'
#(
)#
!
µ
#*#

+,#%()*#

-./01#2#µ#2#3.-#

!"

#"

$"

%"

&"

'"

("

)"

*"

+"

#!"

(,!" (,#" (,$" (,%" (,&" (,'" (,(" (,)" (,*" (,+" ),!"

!
!"#

$%&
%!!
"#
&'
%(%
)%*
%+

 $#
%#&

#'
#(
)#
!
µ
#*#

+,#%()*#

-./0#1#µ#1#-.2/0#

!"

#"

$"

%"

&"

'"

("

)"

*"

(+!" (+#" (+$" (+%" (+&" (+'" (+(" (+)" (+*" (+," )+!"

!
!"#

$%$
&$
!!"

#&
'$(
$)$
*$
+ 
$#%
#&
#'
#(
)#
!
µ
#*#

+,#%()*#

-./01#2#µ#2#-.31#

!"

#"

$"

%"

&"

'"

("

)"

(*!" (*#" (*$" (*%" (*&" (*'" (*(" (*)" (*+" (*," )*!"

!
!"#

$%$
&$
!!"

#&
'$(
$)$
*$
+ 
$#%
#&
#'
#(
)#
!
µ
#*#

+,#%()*#

-./#0#µ#0#-.12/#

!"

#"

$"

%"

&"

'"

("

()!" ()#" ()$" ()%" ()&" ()'" ()(" ()*" ()+" ()," *)!"

!
!"#

$%$
&$
!!"

#&
'$(
$)$
*$
+ 
$#%
#&
#'
#(
)#
!
µ
#*#

+,#%()*#

-./01#2#µ#2#-.1#

!"

#"

$"

%"

&"

'"

("

()!" ()#" ()$" ()%" ()&" ()'" ()(" ()*" ()+" ()," *)!"

!
!"#

$%$
&$
!!"

#&
'$(
$)$
*$
+ 
$#%
#&
#'
#(
)#
!
µ
#*#

+,#%()*#

-./0#1#µ#1#-.230#

!"

#"

$"

%"

&"

'"

()!" ()#" ()$" ()%" ()&" ()'" ()(" ()*" ()+" ()," *)!"

!
!"#

$%$
&$
!!"

#&
'$(
$)$
*$
+ 
$#%
#&
#'
#(
)#
!
µ
#*#

+,#%()*#

-./01#2#µ#2#-.01#

!"

#"

$"

%"

&"

'"

()!" ()#" ()$" ()%" ()&" ()'" ()(" ()*" ()+" ()," *)!"

!
!"#

$%&
%!!
"#
&'
(%)
%*
%+

 $#
%#&

#'
#(
)#
!
µ
#*#

+,#%()*#

-.-#/#µ#/#-.012#

Figure 2. Comparison of Legendre expansions for N =5 (blue), 10 (green), 14 (black), and a
Monte Carlo (red) computation in cosine bins ∆µ = 0.125, for µ > 1 and E = 6.5 eV.
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Figure 3. Comparison of Legendre expansions for N =5 (blue), 10 (green), 14 (black), and a
Monte Carlo (red) computation in cosine bins ∆µ = 0.125, for µ < 1 and E = 6.5 eV.
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Figure 4. Comparison of Legendre expansions for N =5 (blue), 10 (green), 14 (black), and a
Monte Carlo (red) computation in cosine bins ∆µ = 0.125, for µ > 1 and E = 6.8 eV.
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Figure 5. Comparison of Legendre expansions for N =5 (blue), 10 (green), 14 (black), and a
Monte Carlo (red) computation in cosine bins ∆µ = 0.125, for µ < 1 and E = 6.8 eV.
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A square-root of variance between Legendre expansion and the reference Monte Carlo
computation is used as a measure of convergence:√

var(N) ≡
{
∫

dE ′
∑16

i=1[σ
TN
s (E → E ′, i)− σT (MC)

s (E → E ′, i)]2}1/2

σ
T (MC)
s (E)

, (5)

where a reference Monte Carlo total elastic scattering cross section
σ
T (MC)
s (E) =

∫
dE ′

∑16
i=1 σ

T (MC)
s (E → E ′, i) normalizes the expression. A square-root of relative

variance was computed for 0 ≤ N ≤ 14 at incoming energies E =6.5 and 6.8 eV in Fig. 6. For
N > 10 it starts to decrease relatively slowly, mainly because of a very slow convergence near
E ′ ≈ E, where many higher order terms in the Legendre expansion are needed to achieve further
decrease. This motivated the method developed below.
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Figure 6. The quantity in Eq. (5) decreases as the number of terms in the Legendre expansion,
N , increases. Incoming energy E =6.5 and 6.8 eV at temperature T = 103 K.

A new method is suggested for accurate computation of higher-order contributions to the
double-differential cross section for E ′ = E. This method takes advantage of a numerical finding
that, for E ′ = E, a product of (n+ 1/2)σTsn(E → E) appearing in the Legendre expansion
converges to a constant value for n ≥ 5, as can be seen in Fig. 7. Therefore, for higher-order
terms, the approximately constant product was factored out of the Legendre expansion:

σTN
′

s (E → E, µlab) = σTNs (E → E, µlab) + (N + 1/2)σTsN(E → E)
N ′∑
n>N

Pn(µlab), (6)

enabling a computation of many higher-order terms, that is for N ′ � N , by using the (N =)14
computed Legendre moments. A double-differential cross section computed using this method for
E ′ = E in Fig. 8 reveals that as many as 50 terms may be needed for Legendre expansion to
converge to the Monte Carlo reference computation.
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Figure 7. The 15 Legendre moments σTsn(E → E) (blue), products (n+1/2)σTsn(E → E) (red),
and cumulative Legendre expansions

∑
(n+1/2)σTsn(E → E)Pn(µ = −1) (green) forE = 6.5

eV (left) and E = 6.8 eV (right). The observation that a product (n + 1/2)σTsn(E → E)
approaches a constant value for n > 5 was used in the derivation of Eq. (6). (T = 103 K)
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Figure 8. Plot of Legendre expansion in Eq. (6) for E ′ = E =6.5 eV (left) and 6.8 eV (right)
using N =15 (blue), 30 (green), and 50 (black) terms. Convergence to a reference Monte
Carlo computation is achieved for N=50 everywhere except for the first bin 0.875 < µ < 1.0.

4. CONCLUSIONS

We investigate convergence properties of Legendre expansion of a Doppler-broadened
double-differential elastic scattering cross section by including as many as 15 terms in the
Legendre expansion. A variance of Legendre expansion from a reference Monte Carlo
computation of a double-differential cross section is used as a measure of convergence. A
satisfactory convergence is achieved using the first 15 terms, except when the outgoing energy
approximately equals the incoming energy, that is E ′ ≈ E. A supplementary method for E ′ = E
was used to compute many higher-order terms in the Legendre expansion. This method reveals
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that as many as 50 terms may be needed to accurately compute a double-differential cross section
for E ′ = E.
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