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ABSTRACT 
 

The Advanced High-Temperature Reactor (AHTR) is a 3400 MWth fluoride-salt-cooled high-
temperature reactor (FHR) that uses TRISO particle fuel compacted into slabs rather than 
spherical or cylindrical fuel compacts. Simplified methods are required for parametric design 
studies such that analyzing the entire feasible design space for an AHTR is tractable.  These 
simplifications include fuel homogenization techniques to increase the speed of neutron transport 
calculations in depletion analysis and equilibrium depletion analysis methods to analyze systems 
with multi-batch fuel management schemes. 
 
This paper presents three elements of significant novelty.  First, the Reactivity-Equivalent Physical 
Transformation (RPT) methodology usually applied in systems with coated-particle fuel in 
cylindrical and spherical geometries has been extended to slab geometries.  Secondly, based on 
this newly developed RPT method for slab geometries, a methodology that uses Monte Carlo 
depletion approaches was further developed to search for the maximum discharge burnup in a 
multi-batch system by iteratively estimating the beginning of equilibrium cycle (BOEC) 
composition and sampling different discharge burnups.  This Iterative Equilibrium Depletion 
Search (IEDS) method fully defines an equilibrium fuel cycle (keff, power, flux, and composition 
evolutions) but is computationally demanding, although feasible on single-processor workstations.  
Finally, an analytical method, the Non-Linear Reactivity Model, was developed by expanding the 
linear reactivity model to include an arbitrary number of higher order terms so that single-batch 
depletion results could be extrapolated to estimate the maximum discharge burnup and BOEC keff 
in systems with multi-batch fuel management schemes.  Results from this method were 
benchmarked against equilibrium depletion analysis results using the IEDS.  
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1. INTRODUCTION 

 
Optimizing a fuel management scheme is a challenging and critical aspect of designing a nuclear 
reactor system.  Though multi-batch fuel cycles add complexity to a nuclear fuel cycle, they can 
significantly extend the discharge burnup and thereby increase fuel utilization and economics in 
a nuclear system.  Modeling these systems is challenging because of the energy self-shielding 
effects that make neutron transport challenging, the lack of functionality in standard depletion 
tools to model multi-batch depletion systems, and the computational intensity of iterative 
methods to search for the equilibrium fuel cycle.  The primary objective of this paper is to 
present methodologies to perform parametric studies for fuel design and fuel management 
schemes for the Advanced High-Temperature Reactor (AHTR).   
 
The AHTR is a fluoride-salt-cooled reactor that utilizes TRISO particle fuel compacted into slabs 
of fuel [1].  Cross-sectional views through the AHTR core, fuel assembly, and fuel plate are 
shown in Figure 1.  These TRISO particles are compacted into slabs that surround an inert 
graphite moderator and are encased in a graphite sleeve to form a fuel plate.  Eighteen fuel plates 
are held between a Y-shaped control blade guide and a hexagonal box to form fuel assemblies.  
In total, the AHTR contains 252 or 253 of these fuel assemblies (the central fuel assembly can be 
removed such that the remaining fuel elements can be divided into an even number of burnup 
batches).  The exact dimensions of the baseline AHTR are described explicitly in Reference 1. 
 

Figure 1. Schematic views of the AHTR core, fuel assembly, and fuel plate. 
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The required neutron transport for a parametric study would be arduous utilizing a neutronics 
model that modeled the fuel grains explicitly.  Section 2 outlines the homogenization 
methodology developed to speed up the neutron transport computations required to estimate the 
maximum discharge burnup for specific combinations of fuel design and fuel management 
schemes – specifically the Reactivity-equivalent Physical Transform (RPT) [2] – and compares 
depletion results to those obtained with an explicit grain model of the AHTR.  Section 3.1 
presents a formalized methodology developed to iteratively search for the maximum burnup 
equilibrium cycle and describes its implementation into the SCALE package of nuclear system 
analysis tools with Monte Carlo neutron transport.  Section 3.2 presents an analytical 
methodology to utilize single-batch depletion results to predict the maximum attainable burnup 
in a multi-batch fuel cycle.  Though these equilibrium multi-batch depletion methods were 
developed to analyze the AHTR, they are presented as a means to analyze an arbitrary nuclear 
reactor with a multi-batch fuel management scheme.  

 
2. REACTIVITY-EQUIVALENT PHYSICAL TRANSFORM 

 
The RPT method is an efficient and effective way to model a coated-particle-fueled system [2] 
and can be implemented in most neutron transport codes without modifying the source code.  
The RPT method models the fuel in cylindrical and spherical compacts by collecting the fuel 
particles in a smaller RPT active region and then performing a volume-weighted material 
homogenization on the transformed active region.   
 
The RPT method accounts for the increased resonance self-shielding of the particle fuel by 
increasing the density of actinides locally in the RPT homogenized region [2].  However, the 
extent to which this density must be increased must be calibrated against a high-fidelity 
simulation of the system that uses continuous energy and models fuel particles explicitly.  This 
methodology has been implemented to study high-temperature gas-cooled reactors with spherical 
and cylindrical fuel compacts [2, 3], although no work has been performed with the RPT 
methodology to model systems with slab geometry or FHRs. 
 

2.1. Implementation 
 

Generating an RPT model of a particle fuel system in slab geometry is similar to the process in 
cylindrical or spherical geometries.  The fuel particles are collected into smaller RPT active slabs 
and then particles and matrix in the RPT active region are homogenized by volume.  These 
transforms can be performed for solid slab systems as well as annular slab systems.  
Additionally, layered slab systems can be approximated as solid slab systems by exchanging the 
position of the central moderator with the active region to further increase the self-shielding 
effects – the matrix and RPT active region conserve the same volume as the active region in the 
real system.  Figure 2 presents the RPT homogenization process for a solid slab (top) and for a 
layered slab which is RPT-transformed into a layered (middle) or a solid (bottom) slab 
configuration. 
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Figure 2. Volume homogenizations for RPT method in slab geometries.  Top: solid slab; 

Middle: layered slab transformation; Bottom: solid slab approximation. 
 
 
In addition to changing the geometry of system, one must generate an RPT homogenized 
concentration vector, NRPT, for the active region.  Let us define the RPT volume fraction (VFRPT) 
as the ratio of volumes of the RPT active region to the active region in the real system and Nfuel 
as the composition vector of the coated fuel particles and matrix homogenized by volume.  The 
RPT method populates the area vacated by the physical transform with matrix material, Nmatrix, 
and homogenizes all the other material over a smaller RPT active region such that the masses of 
both the coated particles and the matrix are conserved between the real system and the RPT 
transform.  Using the RPT volume fraction definition, the composition vector is obtained from 
conservation of mass as shown:  
 

 (1) 
 
To select the extent of the volume reduction in the active region, the VFRPT must be calibrated 
against a high-fidelity continuous-energy explicit grain model of the system that is to be 
modeled.  To calibrate an RPT model, the keff of the system at the beginning of cycle (BOC) is 
first calculated with high fidelity using continuous-energy models with explicit grain 
representation to properly account for the double heterogeneity of the fuel.  Then, a parametric 
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study at BOC is performed for the homogenized system to determine the VFRPT that matches the 
keff of the RPT model with that of the high-fidelity model.  Figure 3 presents the keff as a function 
of VFRPT for a full-core model of the AHTR with the baseline fuel design for the layered slab and 
the solid slab approximation transformations; these multiplication constants have a statistical 
uncertainty within 100 pcm.  The baseline AHTR TRISO fuel design used in this study was the 
AGR-2 fuel [4] with a packing fraction of 40% and an enrichment of 19.75wt% to maximize the 
refueling interval without introducing proliferation concerns. 
 
 

 
Figure 3.  BOC k-effective sensitivity to RPT volume fraction. 

 
 
The baseline fuel design has significant inherent self-shielding because of the high fuel-to-
moderator ratio, and as a result, the double-heterogeneity effect only weakly increases the 
resonance self-shielding in this system.  Systems with softer neutron spectra, either from 
additional moderation or because of lower enrichment, require more volume reduction to induce 
the correct amount of self-shielding.  Notice in Figure 3 that the RPT annular-slab transform 
requires a greater volume reduction to match the keff of the benchmark.  The solid slab 
approximation RPT transform is able to induce more self-shielding because more of the fuel is 
grouped together.  This effect enables the solid slab approximation RPT transform to be used for 
modeling systems with softer neutron spectra where the annular slab RPT transform might fail. 

2.2. Verification  
 
To determine to what extent the RPT methodology can be utilized for depletion analysis of the 
AHTR, single-batch depletion results obtained using the layered slab RPT transform and solid 
slab approximation RPT transform were compared to results obtained using a multi-group 
explicit grain model of AHTR in conjunction with a Dancoff factor method for the baseline fuel 
design [5].  The verification efforts compared the predicted maximum discharge burnup, the keff 
evolution, and the evolution of a set of critical isotopes.  Additionally, the reduction in 
computational intensity attributed to using these simplified models was quantified. 
 



A. Cisneros and D. Ilas  
 

2012 Advances in Reactor Physics – Linking Research, Industry, and Education (PHYSOR 2012), 
Knoxville, Tennessee, USA  April 15-20, 2012 

6/16 

 

2.2.1. Neutronics model 
 
The neutron transport calculations were performed using the 3-D Monte Carlo neutron transport 
code KENO-VI as an engine in the depletion calculations of the TRITON sequence of SCALE 
[6].  TRITON sequentially executes a series of modules from the SCALE package, beginning 
with the cross section processing modules (CRAWDAD, BONAMI, WORKER, CENTRM, 
PMC) to create problem-dependent self-shielded multi-group cross section libraries.  The multi-
group cross section libraries thus created are then used in the KENO-VI module to generate a 
transport solution (fluxes and keff) for the system, which is further post-processed by KMART.  
Finally, the fluxes from the transport calculations are used (after preparation by COUPLE) in the 
ORIGEN-S code to deplete the fuel.  These steps are repeated for the next time steps until the 
time evolution of the system is completed.  A multi-group explicit grain model of the AHTR was 
used as a high-fidelity benchmark model against which the RPT depletion results are compared.  
In this explicit grain benchmark, TRISO particles are modeled on a simple cubic lattice.  The 
buffer layer and inner pyrolytic carbide layer are homogenized together as are the outer pyrolytic 
carbide layer and the graphite matrix; however, the fuel kernels and the silicon carbide layers are 
not altered.  For the purpose of this analysis, the reactor was divided into two radial zones, with 
the central zone containing the innermost four rings of fuel assemblies, and three axial zones, 
with the central axial zone containing 3/5 of the total height of the fueled core.  Each depletion 
step used 10,000 active neutron histories for the neutron transport calculation resulting in a 
statistical error of 100 pcm in the system keff. 
 
2.2.2. Discharge burnup 
 
The maximum discharge burnup for a reactor with a single-batch fuel management scheme is 
estimated by interpolating to the point where keff = 1.  These results are presented for both 
models with both RPT transforms in Table I. 
 
 

Table I.  Estimated maximum burnup for single-batch AHTR with a single-batch fuel 
management scheme and baseline fuel design for various models 

 

Model Estimated discharge 
burnup (GWd/MT) Error (%) 

Explicit grain 79.1 - 
Multi-group RPT layered slab 80.9 +2.4 
Multi-group RPT solid slab approximation 81.7 +3.3 

 
 
2.2.3. k-effective evolution 
 
The keff evolution predicted by performing depletion analysis with various models was compared 
for the AHTR depletion with a single-batch fuel management scheme and the baseline fuel 
design using a full-core model, as shown in Figure 4; sufficient histories were used to limit 
statistical error within 100 pcm for each model. 
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Figure 4.  Comparison of predicted k-effective evolutions. 

 
 
2.2.4. Composition evolution 
 
To ensure that the maximum discharge burnup and keff evolution were predicted based on correct 
physics, the composition evolution for a set of important isotopes (235U, 238U, 239Pu, and 240Pu) 
were compared for the depletion zones described in Section 2.2.1.  While these zones are rather 
coarse, they provide confirmatory comparisons.  Increasing the number of depletion zones would 
add significantly to the computational time.  The isotopic concentration evolutions for the 
depletion zone in the center radially and axially are presented in Figure 5. 
 
These composition evolutions confirm that the evolutions for the RPT simplifications match the 
reference results.  
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Figure 5.  Isotopic concentration evolutions in AHTR baseline (central radial position, 

central axial position). 
 
 
2.2.5. Reduction in computational requirements 
 
The motivation behind implementing the RPT methodology for depletion analysis is to reduce 
the computation time required to perform depletion analysis.  Therefore, significant reductions in 
the computational time are required to justify the error introduced by implementing the RPT 
geometric simplification.  The time required to perform the depletion analysis of the AHTR with 
baseline fuel and a single-batch fuel cycle was used as a metric of computational requirements.  
The comparison of computational requirements is presented in Table II, where the comparisons 
for the RPT models are shown relative to the explicit grain model reference. 
 
 

Table II. Computations requirements for depletion analysis 

 

Model Comp. time 
(days) 

Speed 
up 

Burnup 
error (%) 

Explicit grain 17.2 - - 
Multi-group RPT annular slab 1.7 10.4 +2.3 
Multi-group RPT solid slab approximation 0.8 20.3 +3.3 
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 3. EQUILIBRIUM DEPLETION ANALYSIS METHODS  
 
Two approaches were developed to determine the maximum discharge burnup for multi-batched 
fuel cycles: the Iterative Equilibrium Depletion Search (IEDS) and the Non-Linear Reactivity 
Model (NLRM).  The IEDS methodology was developed to explicitly search for the maximum 
burnup of a multi-batch fuel cycle by imposing the maximum burnup condition [i.e., the keff at 
the end of equilibrium cycle (EOEC) should be 1.0] and searching for the beginning of 
equilibrium cycle (BOEC) composition for equilibrium cycles with different discharge burnups.  
Alternatively, an analytical methodology, the NLRM, was investigated to estimate maximum 
burnup based on the depletion results from single-batch calculation.  This section describes both 
of these methodologies and compares the maximum burnup predicted by each of them. 

3.1.  Iterative Equilibrium Depletion Search 
 
3.1.1. Iterative equilibrium analysis search methodology  
 
The IEDS methodology utilizes a two-tiered solver to explicitly define the maximum burnup 
equilibrium cycle.  The first tier is a search for the equilibrium fuel cycle that simultaneously 
determines the BOEC composition, as well as the evolutions of power, flux, and keff for a cycle 
with a given discharge burnup.  The second tier searches for the maximum discharge burnup by 
systematically sampling EOEC keff as a function of burnup until a burnup is identified that meets 
the maximum discharge burnup condition.  The IEDS algorithm is presented below in Figure 6. 
 
In the multi-batch systems, the BOEC composition is burned for a single refueling interval, the 
oldest (most depleted) batch of fuel is discharged, the remaining fuel is shuffled, and fresh fuel is 
added to the core.  The change to the fuel composition, N, over the irradiation campaign can be 
modeled by a differential equation. 

 

 .     (2) 
The depletion matrix, A, contains the depletion parameters including decay constants, cross 
sections, and flux distributions as a function of batch and time in the equilibrium cycle. 
 
This differential equation can be integrated from BOEC to EOEC to determine the EOEC 
composition, 

 

     .  (3) 
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Figure 6.  Algorithm for the Iterative Equilibrium Depletion Search. 

 
 

The BOEC composition can then be estimated by shuffling the EOEC fuel and loading fresh fuel 
into the core as 
 

    (4) 
 
Here, mshuffling is a matrix that advances each batch of fuel.  Combining equations 3 and 4, the 
equilibrium cycle requirement can be defined as follows: 
 

  (5) 
 

Equation (5) is solved iteratively assuming a constant discharge burnup, starting with a guess for 
the BOEC composition (first tier in Figure 6).  The concentrations of a set of critical isotopes and 
the EOEC keff are checked for convergence within an acceptable error after each iteration; the 
EOEC keff is used as a metric for the convergence of all the isotopes not in the set of important 
isotopes.  Once these convergence criteria are met, the EOEC keff is passed to the second tier of 
the IEDS algorithm.  This IEDS approach is similar to the methodology implemented in 
REBUS-3 and MRTAU [7, 8]. 
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The goal of the second tier of the IEDS algorithm is to systematically sample the EOEC keff 
as a function of burnup to find the burnup that imposes the maximum burnup condition, 
EOEC keff =1.0, by initiating the search for equilibrium fuel cycle for various discharge burnups.  
Usually, EOEC keff is well behaved as a function of discharge burnup for the AHTR and can be 
approximated as a linear function around the maximum burnup.  After the first two points of 
EOEC keff and burnup are generated, the maximum burnup can be determined by interpolating or 
extrapolating to a discharge burnup that imposes the EOEC keff to 1.0 and the depletion cycle is 
repeated.  If the EOEC keff is not equal to 1.0, the procedure is repeated until the maximum 
burnup condition is satisfied. 
 
 
3.1.2. Implementation with SCALE 
 
The equilibrium cycle evaluation was performed using the TRITON module of SCALE. A driver 
program, SCALE Equilibrium Analysis Utility (SEAU), was developed to iteratively execute 
TRITON, shuffle EOEC fuel, insert fresh fuel, assess the convergence of the BOEC composition, 
and pass the EOEC keff to the next iteration loop once the BOEC composition has converged. 
 
SEAU includes a module to automatically initiate the search for equilibrium cycle and 
interpolate or extrapolate once EOEC keff is sampled twice.  The search is completed once an 
equilibrium fuel cycle is identified with an EOEC keff =1.0 within an acceptable error.  These data 
points can be used to make a linear regression for EOEC keff as a function of discharge burnup 
and this function can be evaluated to estimate the maximum discharge burnup. 
 
As stated earlier, there are two criteria for the convergences of the equilibrium fuel cycle: the 
EOEC keff and the concentrations of a set of important isotopes.  For the equilibrium depletion 
analysis performed for this project, the EOEC keff is required to converge within 0.002 – though a 
more rigorous convergence criterion could be implemented if desired, at the expense of a longer 
computational time.  The concentrations of the isotopes in the set of critical isotopes between 
estimates of the BOEC composition were required to converge within 1% for each isotope for 
every isotope in each depletion zone in the model.  The set of important isotopes was limited to 
235U, 238U, and 239Pu. Both the precision and the set of isotopes can be easily modified by the 
user. 

3.2. The Non-linear Reactivity Model 
 
3.2.1. The non-linear reactivity methodology  
 
Previous multi-batch fuel cycle parametric studies were performed using the Linear Reactivity 
Model (LRM)[9] to estimate the maximum attainable burnup of a system based on the depletion 
results of a single-batch system in light-water-reactor systems [10] and FHRs [11].  The LRM 
assumes that reactivity decreases linearly with burnup, b, and the aggregate reactivity, ρaggregate, is 
an average of the reactivities in each batch of fuel (i.e., burnup-dependent reactivity) [9]. 
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 .     (6) 
 
One can utilize a unit cell model if one takes leakage into account by subtracting a leakage 
reactivity from the weighted summation of reactivities.  However, only full-core models are 
utilized in this study. 
 
The accuracy of the LRM model can be increased and its applicability expanded to more systems 
when higher order polynomials are used to model the evolution of reactivity.  Recent studies 
have expanded the LRM to include higher order terms [10, 12], but the details in these studies 
are not well defined.  The maximum discharge burnup can be estimated using NLRM assuming 
an mth order polynomial and n equal-size reloads per fuel cycle, as shown below. 

 

 .  (7) 
 
Here, yo – y(m) are coefficients of an mth order polynomial expansion of reactivity with respect to 
the burnup, b, and the summation index i is the batch number for a fuel management scheme 
with n batches. 
 
This methodology gives a simple analytic expression for the maximum burnup in terms of the 
reactivity polynomial coefficients that can easily be evaluated algebraically for low-order models 
(first- to third-order models) and numerically for higher order models. 
 
3.2.2. Benchmark of the NRLM for predicting the maximum discharge burnup 
 
The order of polynomial expansion used to represent reactivity as a function of burnup will affect 
the accuracy of the maximum discharge burnup predicted by the NLRM.  Figure 7 compares the 
reactivity evolution predicted by polynomials with different orders to the benchmark depletion 
results.  The model used for Figure 7 utilizes a layered slab RPT homogenized model of the 
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plate-type fuel implemented into a full-core model of the AHTR; sufficient statistics were used to 
limit the statistical uncertainty in the system reactivity below 100 pcm. 
 
To assess the accuracy of the NRLM for predicting maximum discharge burnup, a comparison 
with the results predicted by the IEDS was performed for the baseline model of the AHTR for 
fuel management schemes with different numbers of batches, as shown in Figure 8; these 
IEDS calculations assumed a full-core model of the AHTR utilizing the layered slab RPT 
homogenization.  Furthermore, the accuracy of using interpolating polynomials of different 
orders for the single-batch reactivity was estimated. 
 

 
Figure 7.  Comparison of Polynomial Expansions of Reactivity Evolution. 

 

    
 

Figure 8.  Comparison of maximum discharge burnup predicted by IEDS to NRLM (left) 
and associated error (right). 
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The second-order NRLM predicts the maximum discharge burnup within 4%, and this error is 
deemed acceptable for qualitatively sampling the design space for a multi-batch fuel cycle.  
Figure 7 shows that, for the reference AHTR core, there is no gain in accuracy associated with 
utilizing a third-order regression relative to a second-order representation of reactivity as a 
function of burnup.  The large uncertainty in the IEDS is associated with the fact that only a 
limited number of data points were used to calculate the EOEC keff v. discharge burnup in the 
regression used to estimate the maximum burnup.  
 
3.2.3. Computational speed up due to NRLM 
 
The IEDS methodology requires iterative calculation of the BOEC composition vector depletion.  
At a minimum, the BOEC composition should be depleted (an iteration should be performed) 
once for every batch of fuel so that each batch of fuel in the model has the correct exposure time.  
Complicated fuel management schemes increase the number of depletion zones and, as a result, 
increase convergence difficulties.  Conversely, the NRLM only requires a single depletion 
calculation that can be used to estimate the discharge burnup for fuel management schemes with 
an arbitrary number of batches. 
 
Table III compares the computational requirements for the equilibrium depletion analysis for a 
few cases to highlight the significant reduction in computational requirements by using the 
NRLM methodology. 
 
 

Table III.  Computations requirements for depletion analysis 
 

Equilibrium depletion method Batches Comp. time 
(days) 

Burnup 
error (%) 

Iterative Equilibrium Depletion Search 2 6.9 - 
Iterative Equilibrium Depletion Search 6 20.7 - 

Non-Linear Reactivity Model 2 1.0 3.7 
Non-Linear Reactivity Model 6 1.0 3.3 

 
 

4. CONCLUSIONS  
 
The RPT method is a geometry simplification that is used to account for the double heterogeneity 
self-shielding effect observed in the neutron transport of nuclear systems with particle fuel.  The 
RPT method has previously been implemented in cylindrical and spherical systems and can also 
be applied to slab geometry to model the plate-type fuel in the AHTR.  These layered slab 
systems can be modeled with two different kinds of RPT transforms, a layered slab transform or 
a solid slab approximation transform.  The solid slab approximation transformation allows more 
systems with softer spectra to be modeled than the layered slab RPT transform.  The results 
between the depletion analysis using these RPT transforms and a multi-group explicit grain 
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model of the AHTR matched well with respect to predicted maximum discharge burnup, keff 
evolution, and the evolution of isotopic concentrations.  Utilizing the RPT method for depletion 
analysis increases the speed of depletion analysis by 10–20 times.  Therefore, the RPT can be 
utilized for depletion analysis in parametric studies if one accounts for the uncertainty introduced 
by utilizing the RPT method. 
 
A methodology for assessing the maximum discharge burnup of the AHTR with a multi-batch 
fuel management scheme is presented.  This methodology was implemented in SCALE by using 
the driver program SEAU. 
 
The concepts of the linear reactivity model can be expanded to a broader set of systems by 
introducing higher order terms as in the NRLM.  The NRLM can utilize the single-batch 
depletion analysis results to predict the maximum discharge burnup in a multi-batch fuel cycle 
using a second-order regression of reactivity as a function of burnup.  The maximum burnup 
predicted by NRLM matches the results predicted by the IEDS with an accuracy of 4%.  
Therefore, this methodology can be used to quickly and effectively predict the maximum 
discharge burnup and refueling intervals, making parametric studies over large design spaces 
feasible for systems with multi-batch fuel management schemes.   
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